
ar
X

iv
:1

50
1.

06
42

2v
2 

 [
m

at
h.

O
A

] 
 2

1 
O

ct
 2

01
5

MEASURED QUANTUM TRANSFORMATION GROUPOIDS

MICHEL ENOCK AND THOMAS TIMMERMANN

Abstract. In this article, when G is a locally compact quantum group, we associate,
to a braided-commutative G-Yetter-Drinfel’d algebra (N, a, â) equipped with a normal
faithful semi-finite weight verifying some appropriate condition (in particular if it is
invariant with respect to a, or to â), a structure of a measured quantum groupoid. The
dual structure is then given by (N, â, a). Examples are given, especially the situation of
a quotient type co-ideal of a compact quantum group. This construction generalizes the
standard construction of a transformation groupoid. Most of the results were announced
by the second author in 2011, at a conference in Warsaw.
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1. Introduction

1.1. Locally compact quantum groups. The theory of locally compact quantum
groups, developed by J. Kustermans and S. Vaes ([KV1], [KV2]), provides a compre-
hensive framework for the study of quantum groups in the setting of C∗-algebras and
von Neumann algebras. It includes a far reaching generalization of the classical Pontr-
jagin duality of locally compact abelian groups, that covers all locally compact groups.

Namely, if G is a locally compact group, its dual Ĝ will be the von Neumann algebra
L(G) generated by the left regular representation λG of G, equipped with a coproduct
ΓG from L(G) on L(G) ⊗ L(G) defined, for all s ∈ G, by ΓG(λG(s)) = λG(s) ⊗ λG(s),
and with a normal semi-finite faithful weight, called the Plancherel weight ϕG, associated
via the Tomita-Takesaki construction, to the left Hilbert algebra defined by the algebra
K(G) of continuous functions with compact support (with convolution as product), this
weight ϕG being left- and right-invariant with respect to ΓG ([T2], VII, 3).

This theory builds on many preceding works, by G. Kac, G. Kac and L. Vainerman,
the first author and J.-M. Schwartz ([ES1], [ES2]), S. Baaj and G. Skandalis ([BS]), A.
Van Daele, S. Woronowicz [W1], [W4], [W5]) and many others. See the monography
written by the second author for a survey of that theory ([Ti1]), and the introduction of
[ES2] for a sketch of the historical background. It seems to have reached now a stable
situation, because it fits the needs of operator algebraists for many reasons:

First, the axioms of this theory are very simple and elegant: they can be given in both
C∗-algebras and von Neumann algebras, and these two points of view are equivalent, as
A. Weil had shown it was the fact for groups (namely any measurable group equipped
with a left-invariant positive measure bears a topology which makes it locally compact,
and this measure is then the Haar measure [W]). In a von Neumann setting, a locally
compact quantum group is just a von Neumann algebra, equipped with a co-associative
coproduct, and two normal faithful semi-finite weights, one left-invariant with respect
to that coproduct, and one right-invariant. Then, many other data are constructed, in
particular a multiplicative unitary (as defined in [BS]) which is manageable (as defined
in [W5]).

Second, all preceeding attemps ([ES2], [W4]) appear as particular cases of locally com-
pact quantum groups; and many interesting examples were constructed ([W2], [W3],
[VV2]).

Third, many constructions of harmonic analysis, or concerning group actions on C∗-
algebras and von Neumann algebras, were generalized up to locally compact quantum
groups ([V]).

Finally, many constructions made by algebraists at the level of Hopf ∗-algebras, or
multipliers Hopf ∗-algebras can be generalized for locally compact quantum groups. This
is the case, for instance, for Drinfel’d double of a quantum group ([D]), and for Yetter-
Drinfel’d algebras which were well-known in an algebraic approach in [M].

1.2. Measured Quantum Groupoids. In two articles ([Val1],[Val2]), J.-M. Vallin has
introduced two notions (pseudo-multiplicative unitary, Hopf bimodule), in order to gen-
eralize, to the groupoid case, the classical notions of multiplicative unitary ([BS]) and of
a co-associative coproduct on a von Neumann algebra. Then, F. Lesieur ([L]), starting
from a Hopf bimodule, when there exist a left-invariant operator-valued weight and a
right-invariant operator-valued weight, mimicking in that wider setting what was done in
([KV1], [KV2]), obtained a pseudo-multiplicative unitary, and called “measured quantum
groupoids” these objects. A new set of axioms had been given in an appendix of [E2]. In
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[E2] and [E3], most of the results given in [V] were generalized up to measured quantum
groupoids.

This theory, up to now, bears two defects:
First, it is only a theory in a von Neumann algebra setting. The second author had

made many attemps in order to provide a C∗-algebra version of it (see [Ti1] for a survey);
these attemps were fruitful, but not sufficient to complete a theory equivalent to the von
Neumann one.

Second, there is a lack of interesting examples. For instance, the transformation
groupoid (i.e. the groupoid given by a locally compact group right acting on a locally
compact space), which is the first non-trivial example of a groupoid ([R] 1.2.a), had no
quantum analog up to this article.

1.3. Measured Quantum Transformation Groupoid. This article is devoted to the
construction of a family of examples of measured quantum groupoids. Most of the results
were announced in [Ti2]. The key point, is, when looking at a transformation groupoid
given by a locally compact group G having a right action a on a locally compact space

X , to add the fact that the dual Ĝ is trivially right acting also on L∞(X), and that
the triple (L∞(X), a, id) is a G-Yetter-Drinfel’d algebra, and, more precisely, a braided-
commutative G-Yetter-Drinfel’d algebra.

The aim of this article is to generalize the construction of transformation groupoids,
using this remark which shows that this generalization is not to be found for any action
of a locally compact quantum group, but for a braided-commutative G-Yetter-Drinfel’d
algebra.

Then, for any locally compact quantum group G, looking at any braided-commutative
Yetter-Drinfel’d algebra (N, a, â), it is possible to put a structure of Hopf bimodule on the
crossed product G⋉aN , equipped with a left-invariant operator-valued weight, and with
a right-invariant operator-valued weight. In order to get a measured quantum groupoid,
one has to choose on N (which is the basis of the measured quantum groupoid) a nor-
mal faithful semi-finite weight ν that satisfies some condition with respect to the ac-
tion a; for example, ν could be invariant with respect to a. It appears then that the
dual measured quantum groupoid is the structure associated to the braided-commutative
Yetter-Drinfel’d algebra (N, â, a).

In an algebraic framework, similar results were obtained in [Lu] and [BM]. It is also
interesting to notice that, as for locally compact quantum groups, the framework of
measured quantum groupoids appears to be a good structure in which the algebraic
results can be generalized.

The article is organized as follows:
In chapter 2 are recalled all the necessary results needed: namely locally compact

quantum groups (2.1), actions of locally compact quantum groups on a von Neumann
algebra (2.2), Drinfel’d double of a locally compact quantum group (2.3), Yetter-Drinfel’d
algebras (2.4), and braided-commutative Yetter-Drinfel’d algebras (2.5).

In chapter 3, we study relatively invariant weights with respect to an action, and then
invariant weights for a Yetter-Drinfel’d algebra, and prove that such a weight exists when
the von Neumann algebra N is properly infinite.

In chapter 4, we construct the Hopf-von Neumann structure associated to a braided-
commutative G-Yetter-Drinfeld algebra. The precise definition of such a structure is
given in 4.1 and 4.2. We construct also a co-inverse of this Hopf-von Neumann structure.

In chapter 5, we study the conditions to put on the weight ν to construct a measured
quantum groupoid associated to a braided-commutative G-Yetter-Drinfeld algebra. These
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conditions hold, in particular, if the weight ν is invariant with respect to a. The precise
definition and properties of measured quantum groupoids are given in 5.1, 5.2, 5.3.

In chapter 6, we obtain the dual of this measured quantum groupoid, which is the
measured quantum groupoid obtained when permuting the actions a and â.

Finally, in chapter 7, we give several examples of measured quantum groupoids which
can be constructed this way, and in chapter 8, we study more carefully the case of a
quotient type co-ideal of a compact quantum group: in that situation, one of the measured
quantum groupoids constructed in 7.4.4 is Morita equivalent to the quantum subgroup.

2. Preliminaries

2.1. Locally compact quantum groups. A quadruplet G = (M,Γ, ϕ, ψ) is a locally
compact quantum group if:

(i) M is a von Neumann algebra,
(ii) Γ is an injective unital ∗-homomorphism from M into the von Neumann tensor

product M ⊗M , called a coproduct, satisfying (Γ ⊗ id)Γ = (id ⊗ Γ)Γ (the coproduct is
called co-associative),

(iii) ϕ is a normal faithful semi-finite weight on M+ which is left-invariant, i.e.,

(id⊗ ϕ)Γ(x) = ϕ(x)1M for all x ∈ M+
ϕ ;

(iv) ψ is a normal faithful semi-finite weight on M+ which is right-invariant, i.e.,

(ψ ⊗ id)Γ(x) = ψ(x)1M for all x ∈ M+
ψ .

In this definition (and in the following), ⊗ means the von Neumann tensor product,
(id ⊗ ϕ) (resp. (ψ ⊗ id)) is an operator-valued weight from M ⊗ M to M ⊗ C (resp.
C⊗M). This is the definition of the von Neumann version of a locally compact quantum
group ([KV2]). See also, of course [KV1].

We shall use the usual data Hϕ, Jϕ, ∆ϕ of Tomita-Takesaki theory associated to the
weight ϕ ([T2] chap.6 to 9, [StZ], chap.10, [St], chap.1 and 2), which, for simplification,
we write as H , J , ∆. We regard M as a von Neumann algebra on Hϕ and identify the
opposite von Neumann algebra Mo with the commutant M ′.

On the Hilbert tensor product H ⊗ H , Kustermanns and Vaes constructed a unitary
W , called the fundamental unitary, which satisfies the pentagonal equation

W23W12 = W12W13W23,

where, we use, as usual, the leg-numbering notation. This unitary contains all the data
of G: M is the weak closure of the vector space (which is an algebra) {(id⊗ω)(W ) : ω ∈
B(H)∗} and Γ is given by ([KV1] 3.17)

Γ(x) = W ∗(1⊗ x)W for all x ∈M,

and

(id⊗ ωJϕΛϕ(y∗1y2),Λϕ(x))(W ) = (id⊗ ωJϕΛϕ(y2),Jϕ(y1))Γ(x
∗)

for all x, y1, y2 in Nϕ. It is then possible to construct an unital anti-∗-automorphism R
of M which is involutive (R2 = id), defined by

R[(id⊗ ωξ,η)(W )] = (id⊗ ωJη,Jξ)(W ) for all ξ, η ∈ H.

This map is a co-inverse (often called the unitary antipode), which means that

Γ ◦R = ς ◦ (R⊗R) ◦ Γ,
4



where ς is the flip of M ⊗M ([KV1], 5.26). It is straightforward to get that ϕ ◦ R is
a right-invariant normal semi-finite faithful weight and, thanks to a unicity theorem, is
therefore proportional to ψ. We shall always suppose that ψ = ϕ ◦R.

Associated to (M,Γ) is a dual locally compact quantum group (M̂, Γ̂), where M̂ is the
weak closure of the vector space (which is an algebra) {(ω ⊗ id)(W ) : ω ∈ B(H)∗}, and

Γ̂ is given by

Γ̂(y) = σW (y ⊗ 1)W ∗σ for all y ∈ M̂.

Here, σ denotes the flip of H ⊗H . Let

‖ω‖ϕ = sup{|ω(x∗)| : x ∈ Nϕ, ϕ(x
∗x) ≤ 1}, Iϕ = {ω ∈M∗ : ‖ω‖ϕ <∞}.

Then, it is possible to define a normal semi-finite faithful weight ϕ̂ on M̂ such that
ϕ̂((ω ⊗ id)(W )∗(ω ⊗ id)(W )) = ‖ω‖2ϕ ([KV1]8.13), and it is possible to prove that ϕ̂ is

left-invariant with repect to Γ̂ ([KV1]8.15). Moreover, the application y 7→ Jy∗J is a

unital anti-∗-automorphism R̂ of M̂ , which is involutive (R̂2 = id) and is a co-inverse.

Therefore, ϕ̂ ◦ R̂ is right-invariant with respect to Γ̂.

Therefore Ĝ = (M̂, Γ̂, ϕ̂, ϕ̂ ◦ R̂) is a locally compact quantum group, called the dual of

G. Its multiplicative unitary Ŵ is equal to σW ∗σ. The bidual locally compact quantum

group
̂̂
G is equal to G. In particular, the construction of the dual weight, when applied

to Ĝ gives that, for any ω in M̂∗, (id⊗ ω)(W ∗) belongs to Nϕ if and only if ω belongs to
Iϕ̂, and we have then ‖Λϕ((id⊗ ω)(W ∗))‖ = ‖ω‖ϕ̂.

The Hilbert space Hϕ̂ is isomorphic to (and will be identified with) H . For simplifica-

tion, we write Ĵ for Jϕ̂ and ∆̂ for ∆ϕ̂; we have, for all x ∈M , R(x) = Ĵx∗Ĵ ([KV2] 2.1).
The operator W satisfies

(∆̂it ⊗∆it)W (∆̂−it ⊗∆−it) =W

and (Ĵ ⊗ J)W (Ĵ ⊗ J) =W ∗.
Associated to (M,Γ) is a scaling group, which is a one-parameter group τt of automor-

phisms of M , such that ([KV2] 2.1), for all x ∈ M , t ∈ R, we have τt(x) = ∆̂itx∆̂−it,
satisfying Γ◦τt = (τt⊗τt)Γ ([KV1]5.12), R◦τt = τt◦R ([KV1]5.21), and Γ◦σϕt = (τt⊗σ

ϕ
t )Γ

([KV1] 5.38) (and, therefore, Γ ◦ σϕ◦Rt = (σϕ◦Rt ⊗ τ−t)Γ ([KV1]5.17)).
The application S = R ◦ τ−i/2 is called the antipode of G.
The modular groups of the weights ϕ and ϕ◦R commute, which leads to the definition

of the scaling constant λ ∈ R and the modulus, which is a positive self-adjoint operator
δ affiliated to M , such that (Dϕ ◦R : Dϕ)t = λit

2/2δit.
We have ϕ ◦ τt = λtϕ, and the canonical implementation of τt is given by a positive

non-singular operator P defined by P itΛϕ(x) = λt/2Λϕ(τ t(x)). Moreover, the opera-

tor ∆̂ is equal to the closure of PJδ−1J , and the operator δ̂ is equal to the closure of
P−1JδJδ−1∆−1 ([KV2], 2.1 and [Y3], 2.5).

We have ĴJ = λi/4JĴ ([KV2] 2.12). The operator P̂ is equal to P , the scaling constant

λ̂ is equal to λ−1. Moreover, we have ([Y3], 3.4)

W (∆̂it ⊗ ∆̂it)W ∗ = δit∆̂it ⊗ ∆̂it.

A representation of G on a Hilbert space K is a unitary U ∈ M ⊗ B(K), satisfying
(Γ⊗ id)(U) = U23U13. It is well known that such a representation satisfies that, for any
ξ, η in K, the operator (id⊗ ωξ,η)(U) belongs to D(S) and that

S[(id⊗ ωξ,η)(U)] = (id⊗ ωξ,η)(U
∗)
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(a proof for measured quantum groupoids can be found in [E2], 5.10).
Other locally compact quantum groups are Go = (M, ς ◦ Γ, ϕ ◦ R,ϕ) (the opposite

locally compact quantum group) and Gc = (M ′, (j ⊗ j) ◦ Γ ◦ j, ϕ ◦ j, ϕ ◦ R ◦ j) (the
commutant locally compact quantum group) where j(x) = Jϕx

∗Jϕ is the canonical anti-
∗-isomorphism between M and M ′ given by Tomita-Takesaki theory. It is easy to get

that Ĝo = (Ĝ)c and Ĝc = (Ĝ)o ([KV2]4.2). We have M ∩ M̂ = M ′ ∩ M̂ = M ∩ M̂ ′ =

M ′ ∩ M̂ ′ = C. The multiplicative unitary W o of Go is equal to (Ĵ ⊗ Ĵ)W (Ĵ ⊗ Ĵ), and
the multiplicative unitary W c of Gc is equal to (J ⊗ J)W (J ⊗ J).

Moreover, the norm closure of the space {(id ⊗ ω)(W ) : ω ∈ B(H)∗} is a C∗-algebra
denoted Cr

0(G), which is invariant under R, and, together with the restrictions of Γ, ϕ and
ϕ ◦ R will give the reduced C∗-algebraic locally compact quantum group ([KV1], [KV2]).
In [K] was defined also a universal version Cu

0 (G), which is equipped with a coproduct
Γu. There exists a canonical surjective ∗-homomorphism πG from Cu

0 (G) to Cr
0(G), such

that (πG ⊗ πG)Γu = Γ ◦ πG. Then, ϕ ◦ πG (resp. ϕ ◦R ◦ πG) is a (non-faithful) weight on
Cu

0 (G) which is left-invariant (resp. right-invariant).
If G is a locally compact group equipped with a left Haar measure ds, then, by duality

of the Banach algebra structure of L1(G, ds), it is possible to define a co-associative co-
product ΓaG on L∞(G, ds) and to give to (L∞(G, ds),ΓaG, ds, ds

−1) a structure of locally
compact quantum group, called G again; any locally compact quantum group whose
underlying von Neumann algebra is abelian is of that type. Then, its dual locally com-
pact quantum group Ĝ is (L(G),ΓsG, ϕG, ϕG)), where L(G) is the von Neumann algebra
generated by the left regular representation λG of G on L2(G, ds), ΓsG is defined, for all
s ∈ G, by ΓsG(λG(s)) = λG(s)⊗ λG(s), and ϕG is defined, for any f in the algebra K(G)
of continuous functions with compact support, by ϕG(

∫
G
f(s)λG(s)ds) = f(e), where e is

the neutral element of G. Any locally compact quantum group which is symmetric (i.e.
such that ς ◦ Γ = Γ) is of that type.

Let (A,Γ) be a compact quantum group, that is, A is a unital C∗-algebra and Γ is
a coassociative coproduct from A to A ⊗min A satisfying the cancellation property, i.e.,
(A ⊗min 1)Γ(A) and (1 ⊗min A)Γ(A) are dense in A ⊗min A ([W4]). Then, there exists
a left- and right-invariant state ω on A, and we can always restrict to the case when
ω is faithful. Moreover, Γ extends to a normal ∗-homomorphism from πω(A)

′′ to the
(von Neumann) tensor product πω(A)

′′ ⊗ πω(A)
′′, which we shall still denote by Γ, for

simplification, and ω can be extended to a normal faithful state on πω(A)
′′, we shall

still denote ω for simplification. Then, (πω(A)
′′,Γ, ω, ω) is a locally compact quantum

group, which we shall call the von Neumann version of (A,Γ). Its dual is called a discrete
quantum group.

2.2. Left actions of a locally compact quantum group. A left action of a lo-
cally compact quantum group G on a von Neumann algebra N is an injective unital
∗-homomorphism a from N into the von Neumann tensor product M ⊗N such that

(id⊗ a)a = (Γ⊗ id)a,

where id means the identity on M or on N as well ([V], 1.1).
We shall denote by Na the sub-algebra of N such that x ∈ Na if and only if a(x) = 1⊗x

([V].2). If Na = C, the action a is called ergodic. The formula Ta = (ϕ◦R⊗ id)a defines a
normal faithful operator-valued weight from N onto Na. We shall say that a is integrable
if and only if this operator-valued weight is semi-finite ([V] 1.3, 1.4).
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To any left action is associated ([V]2.1) a crossed product G⋉a N = (a(N) ∪ M̂ ⊗C)′′

on which Ĝo acts canonically by a left action ã, called the dual action ([V]2.2), as follows:

ã(X) = (Ŵ o∗ ⊗ 1)(1⊗X)(Ŵ o ⊗ 1) for all X ∈ G⋉a N ;

in particular, for any x ∈ N and y ∈ M̂ ,

ã(a(x)) = 1⊗ a(x), ã(y ⊗ 1) = Γ̂o(y)⊗ 1.

Moreover, we have (G⋉a N)ã = a(N) ([V] 2.7).
The operator-valued weight Tã = (ϕ̂ ⊗ id) ◦ ã is semi-finite ([V]2.5), which allows, for

any normal faithful semi-finite weight ν on N , to define a lifted or dual normal faithful
semi-finite weight ν̃ on G ⋉a N by ν̃ = ν ◦ a−1 ◦ Tã ([V]3.1). The Hilbert space Hν̃ is
canonically isomorphic to (and will be identified with) the Hilbert tensor product H⊗Hν

([V]3.4 and 3.10), and this isomorphism identifies, for x ∈ Nν and y ∈ NΦ̂, the vector
Λν̃((y ⊗ 1)a(x)) with ΛΦ̂(y)⊗ Λν(x). Moreover, for any X ∈ Nν̃ , there exists a family of
operators Xi of the form Xi = Σj(yi,j⊗ 1)a(xi,j), such that Xi is weakly converging to X
and Λν̃(Xi) is converging to Λν̃(X) ([V], 3.4 and 3.10).

Then

Ua
ν = Jν̃(Ĵ ⊗ Jν)

is a unitary which belongs to M ⊗ B(Hν), satisfies (Γ ⊗ id)(Ua
ν ) = (Ua

ν )23(U
a
ν )13 and

implements a in the sense that a(x) = Ua
ν (1 ⊗ x)(Ua

ν )
∗ for all x ∈ N ([V], 3.6, 3.7 and

4.4). The operator Ua
ν is called the canonical implementation of a on Hν . Moreover, we

have, trivially, (Ua
ν )

∗ = (Ĵ ⊗ Jν)Jν̃ = (Ĵ ⊗ Jν)U
a
ν (Ĵ ⊗ Jν), and we get that

Jν̃Λν̃((y ⊗ 1)a(x)) = Ua
ν (ĴΛΦ̂(y)⊗ JνΛν(x)).

If we take another normal faithful semi-finite weight ψ on N , there exists a unitary u
from Hν onto Hψ which intertwines the standard representations πν and πψ, and we have
then Ua

ψ = (1⊗ u)Ua
ν (1⊗ u∗) ([V], 4.1).

The application (ς ⊗ id)(id ⊗ a) is a left action of G on B(H)⊗ N . Moreover, in the

proof of ([V], 4.4), we find that (σ ⊗ id)U
(ς⊗id)(id⊗a)
Tr⊗ν (σ ⊗ id) = 1⊗ Ua

ν .
A right action of a locally compact quantum G on a von Neumann algebra N is an

injective unital ∗-homomorphism a from N into the von Neumann tensor product N⊗M
such that

(a⊗ id)a = (id⊗ Γ)a.

Then, ςa is a left action of Go on N (where ς is the flip from N ⊗M onto M ⊗N).
In ([Y3], 2.4) and ([BV], Appendix) is defined, for any normal faithful semi-finite weight

ν on N and t ∈ R, the Radon-Nykodym derivative (Dν ◦ a : Dν)t = ∆it
ν̃ (∆̂

−it ⊗ ∆−it
ν ).

This unitary Dt belongs to M ⊗N and

(Γ⊗ id)(Dt) = (id⊗ a)(Dt)(1⊗Dt),

([BV] 10.3 or [Y2] 3.4 and [Y3] 3.7) Moreover, it is straightorward to get

Dt+s = Dt(τt ⊗ σνt )(Ds) = Ds(τs ⊗ σνs )(Dt).

2.3. Drinfel’d double of a locally compact quantum group. Let G = (M,Γ, ϕ, ϕ ◦

R) be a locally compact quantum group, Ĝ = (M̂, Γ̂, ϕ̂, ϕ̂ ◦ R̂) its dual, then it is possible
to construct ([N], [Y1], [BV]) another locally compact quantum group

D(G) = (M ⊗ M̂,ΓD, ϕ⊗ ϕ̂ ◦ R̂, ϕ⊗ ϕ̂ ◦ R̂),
7



called the Drinfel’d double of G, where ΓD is defined by

ΓD(x⊗ y) = Ad(1⊗ σW ⊗ 1)(Γ(x)⊗ Γ̂(y))

for all x ∈ M , y ∈ M̂ . Here and throughout this paper, given a unitary U on a Hilbert
space H, we denote by Ad(U) the automorphism of B(H) defined as usual by x 7→ UxU∗

for all x ∈ B(H).
The co-inverse RD of D(G) is given by

RD(x⊗ y) = Ad(W ∗)(R(x)⊗ R̂(y)).

This locally compact quantum group is always unimodular, which means that the left-

invariant weight is also right-invariant. In the sense of ([VV1], 2.9), Ĝ and G are closed

quantum subgroups of D̂(G), which means that the injection of M̂ (resp. M) into the

underlying von Neumann algebra of its dual D̂(G) preserve the coproduct. (See 7.4.1 for
more details about this definition.)

2.4. Yetter-Drinfel’d algebras. Let G = (M,Γ, ϕ, ϕ◦R) be a locally compact quantum

group and Ĝ = (M̂, Γ̂, ϕ̂, ϕ̂ ◦ R̂) its dual. A G-Yetter-Drinfel’d algebra ([NV]) is a von

Neumann algebra N with a left action a of G and a left action â of Ĝ such that

(id⊗ a)â(x) = Ad(σW ⊗ 1)(id⊗ â)a(x) for all x ∈ N.

One should remark that if (N, a, â) is a G-Yetter-Drinfel’d algebra, then (N, â, a) is a

Ĝ-Yetter-Drinfel’d algebra.

If B is a von Neumann sub-algebra of N such that a(B) ⊂M ⊗B and â(B) ⊂ M̂ ⊗B,

then, it is clear that the restriction a|B (resp. â|B) is a left action of G (resp. Ĝ) on B, and
that (B, a|B, â|B) is a Yetter-Drinfeld algebra, which we shall call a sub-G-Yetter-Drinfel’d
algebra of (N, a, â).

2.4.1. Theorem ([NV], 3.2). Let G = (M,Γ, ϕ, ϕ ◦ R) be a locally compact quantum

group, Ĝ = (M̂, Γ̂, ϕ̂, ϕ̂ ◦ R̂) its dual, D(G) its Drinfel’d double and N a von Neumann

algebra equipped with a left action a of G and a left action â of Ĝ. Then the following
conditions are equivalent:

(i) (N, a, â) is a G-Yetter-Drinfel’d algebra;
(ii) (id⊗ â)a is a left action of D(G) on N .

2.4.2. Theorem (([NV], 3.2)). Let G = (M,Γ, ϕ, ϕ ◦ R) be a locally compact quantum

group, Ĝ = (M̂, Γ̂, ϕ̂, ϕ̂ ◦ R̂) its dual, D(G) its Drinfeld’s double and aD a left action of
D(G) on a von Neumann algebra N . Then there exist a left action a of G on N and a

left action â of Ĝ on N such that aD = (id ⊗ â)a. These actions are determined by the
conditions

(id⊗ id⊗ a)aD = Ad(1⊗ σW ⊗ 1)(Γ⊗ id⊗ id)aD,

(id⊗ id⊗ â)aD = (id⊗ Γ̂⊗ id)aD,

and (N, a, â) is a G-Yetter-Drinfel’d algebra.

2.4.3. Proposition. With the notation of 2.4.2, we have NaD = Na ∩N â.

Proof. As aD = (id ⊗ â)a, we get that Na ∩ N â ⊂ NaD . On the other hand, using the

formula (id ⊗ id ⊗ â)aD = (id ⊗ Γ̂ ⊗ id)aD, we get that every x ∈ NaD belongs to N â.
Moreover, using the formula (id⊗ id⊗ a)aD = Ad(1⊗ σW ⊗ 1)(Γ⊗ id⊗ id)aD, we then
get that every x ∈ NaD also belongs to Na. �
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2.4.4. Proposition. Let G = (M,Γ, ϕ, ϕ ◦ R) be a locally compact quantum group, Ĝ =

(M̂, Γ̂, ϕ̂, ϕ̂ ◦ R̂) its dual, (N, a, â) a G-Yetter-Drinfel’d algebra and ν a normal faithful

semi-finite weight on N . Let t ∈ R, Dt = (Dν ◦ a : Dν)t and D̂t = (Dν ◦ â : Dν)t. Then

Ad(σW ⊗ 1)[(id⊗ â)(Dt)(1⊗ D̂t)] = (id⊗ a)(D̂t)(1⊗Dt),

and if ν̃ and ˜̂ν denote the weights on G⋉a N and Ĝ⋉â N , respectively, dual to ν, then

Ad(σW ⊗ 1)[(id⊗ â)(Dt)(∆̂
it ⊗∆it

˜̂ν
)] = (id⊗ a)(D̂t)(∆

it ⊗∆it
ν̃ ).

Proof. As (τt⊗τ̂t)(W ) =W for all t ∈ R, the first equation is a straightforward application
of ([BV], 10.4). The second one follows easily using the relations

(∆̂it ⊗∆it
˜̂ν
)(W ∗σ ⊗ 1) = (1⊗ D̂t)(∆̂

it ⊗∆it ⊗∆it
ν )(W

∗σ ⊗ 1)

= (1⊗ D̂t)(W
∗σ ⊗ 1)(∆it ⊗ ∆̂it ⊗∆it

ν )

and Dt(∆̂
it ⊗∆it

ν ) = ∆it
ν̃ . �

2.4.5. Basic example and De Commer’s construction ([DC]). We can consider the

coproduct ΓD of D(G) as a left action of D(G) on M ⊗ M̂ . Using 2.4.1, we get that

there exist a left action b of G on M ⊗ M̂ and a left action b̂ of Ĝ on M ⊗ M̂ such that
ΓD = (id⊗ b̂)b. We easily obtain that for all X ∈ M ⊗ M̂ ,

b(X) = (Γ⊗ id)(X), b̂(X) = Ad(σW ⊗ 1)[(id⊗ Γ̂)(X)].

Therefore, b and b̂ appear as the actions associated by ([DC], 6.5.2) to the closed quantum

subgroups G and Ĝ of D̂(G).
De Commer’s construction allows us to make a link between this basic example and any

Yetter-Drinfel’d algebra; namely, if (N, a, â) is a Yetter-Drinfel’d algebra, let us define
aD = (id ⊗ â)a the left action of D(G) on N , and, given a normal, semi-finite faithful
weight ν on N , let UaD

ν , Ua
ν , U

â
ν be the canonical implementation of aD, a, â. In the sense

of De Commer, a and â are “restrictions” (to G and Ĝ) of aD and, using ([DC], 6.5.3 and
6.5.4), we get that

(b⊗ id)(UaD
ν ) = (Ua

ν )14(U
aD
ν )234, (b̂⊗ id)(UaD

ν ) = (U â
ν )14(U

aD
ν )234.

In particular,

(UaD
ν )125(U

aD
ν )345 = (ΓD ⊗ id)(UaD

ν )

= (id⊗ b̂⊗ id)(b⊗ id)(UaD
ν )

= (id⊗ b̂⊗ id)[(Ua
ν )14(U

aD
ν )234] = (Ua

ν )15(U
â
ν )25(U

aD
ν )345,

whence UaD
ν = (Ua

ν )23(U
â
ν )13. As this result depends on an unpublished part of [DC], we

shall give a different proof of this formula in 3.8, using the techniques of invariant weights,
and then give several technical corollaries of this fact which will be used throughout this
paper.

2.5. Braided-commutativity of Yetter-Drinfel’d algebras.

2.5.1. Definition. Let G be a locally compact quantum group and a a left action of G
on a von Neumann algebra N . For any x ∈ N , let us define

a
c(xo) = (j ⊗ .o)a(x) = Ad(J ⊗ Jν)[a(x)

∗],

ao(xo) = (R⊗ .o)a(x) = Ad(Ĵ ⊗ Jν)[a(x)
∗].
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Then ac is a left action of Gc on No, and ao is a left action of Go on No.

Let ν be a normal semi-finite faithful weight on N and νo the normal semi-finite
faithful weight on No defined by νo(xo) = ν(x) for any x ∈ N+. Let Dt = (Dν ◦ a : Dν)t,
Do
t = (Dνo ◦ ao : Dνo)t, which belongs to M ⊗ No, and Dc

t = D(νo ◦ ac : Dνo)t, which
belongs to M ′ ⊗No. Then for all t ∈ R,

Do
−t = Ad(Ĵ ⊗ Jν)[Dt], Dc

−t = Ad(J ⊗ Jν)[Dt].

2.5.2. Lemma. Let G be a locally compact quantum group, a a left action of G on a von
Neumann algebra N , ν a normal faithful semi-finite weight on N , and Ua

ν the standard
implementation of a. Then:

(i) (G⋉a N)′ = Ua
ν (G

o ⋉ao N
o)(Ua

ν )
∗;

(ii) (Ua
ν )

∗ is the standard implementation of the left action ao on No with respect
to the opposite weight νo. In particular, (Ua

ν )
∗ is a representation of G

o and
ao(xo) = (Ua

ν )
∗(1⊗ xo)Ua

ν for all x ∈ N .

(iii) ∆it
ν̃U

a
ν = Ua

νD
o
−t(∆̂

it ⊗ ∆it
ν ) and Ad(∆̂it ⊗ ∆it

ν )[(U
a
ν )

∗] = (Do
−t)

∗(Ua
ν )

∗Dt for all
t ∈ R.

Proof. (i) The relation Ua
ν = Jν̃(Ĵ ⊗ Jν) and the definition of the crossed products imply

Ua
ν (G

o
⋉ao N

o)(Ua
ν )

∗ = Jν̃(Ĵ ⊗ Jν)((ĴM̂ Ĵ ⊗ 1Hν) ∪ ao(No))′′(Ĵ ⊗ Jν)Jν̃

= Jν̃(G⋉a N)Jν̃

= (G⋉a N)′.

(ii) Denote by µ the weight on Go ⋉ao N
o dual to νo. By §3 in [V], there exists a

GNS-map Λµ : Nµ → H ⊗Hν determined by

Λµ((ĴyĴ ⊗ 1Hν)a
o(xo)∗) = ĴΛ̂(y)⊗ JνΛν(x)(1)

for all y ∈ Nφ̂ and x ∈ Nν , and the standard implementation Uao

νo of ao with respect to

νo is given by Uao

νo = Jµ(Ĵ ⊗ Jν).
On the other hand, the GNS-map Λν̃ for the dual weight ν̃ yields a GNS-map Λν̃o for

the opposite ν̃o on the commutant Jν̃(M ⋉a N)Jν̃ , determined by

Λν̃o(Jν̃(y ⊗ 1)a(x)Jν̃) = Jν̃Λν̃((y ⊗ 1)a(x)) = Jν̃(Λ̂(y)⊗ Λν(x))(2)

for y ∈ Nφ̂ and x ∈ Nν .

Comparing (1) with (2) and using the relation Ua
ν = Jν̃(Ĵ ⊗ Jν), we can conclude that

Λµ((U
a
ν )

∗aUa
ν ) = (Ua

ν )
∗Λν̃o(a)

for all a ∈ Nν̃o . Consequently, Jµ = (Ua
ν )

∗Jν̃U
a
ν and Uao

νo = Jµ(Ĵ ⊗ Jν) = (Ua
ν )

∗.
(iii) Using 2.2, we have:

∆it
ν̃U

a
ν (∆̂

−it ⊗∆−it
ν ) = ∆it

ν̃ Jν̃(Ĵ ⊗ Jν)(∆̂
−it ⊗∆−it

ν )

= Jν̃∆
it
ν̃ (Ĵ ⊗ Jν)(∆̂

−it ⊗∆−it
ν )

= Jν̃Dt(∆̂
it ⊗∆it

ν )(Ĵ ⊗ Jν)(∆̂
−it ⊗∆−it

ν )

= Jν̃(Ĵ ⊗ Jν)D
o
−t

= Ua
νD

o
−t

from which we get the first formula, and then the second one by taking the adjoints. �
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2.5.3. Definition. Let G be a locally compact quantum group and (N, a, â) a G-Yetter-

Drinfel’d algebra. Since Ad(ĴJ) = Ad(JĴ), the following two properties are equivalent:
(i) ac(No) and âc(No) commute;
(ii) ao(No) and âo(No) commute;
We shall say that (N, a, â) is braided-commutative if these conditions are fulfilled.

It is clear that any sub-G-Yetter-Drinfel’d algebra of a braided-commutative G-Yetter-
Drinfel’d algebra is also braided-commutative.

2.5.4. Theorem (([Ti2])). Let G be a locally compact quantum group, (N, a, â) a G-
Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N , and Ua

ν the standard
implementation of a. Define an injective anti-∗-homomorphism β by

β(x) = Ua
ν â

o(xo)(Ua
ν )

∗ = Ad(Ua
ν (U

â
ν )

∗)[1⊗ Jνx
∗Jν ] for all x ∈ N.

Then:
(i) β(N) commutes with a(N).
(ii) (N, a, â) is braided-commutative if and only if β(N) ⊂ G⋉a N .

Proof. (i) The two formulas for β(x) coincide by Lemma 2.5.2 (ii), and clearly, β(N) ⊆

Ua
ν (M̂ ⊗No)(Ua

ν )
∗ commutes with a(N) = Ua

ν (1⊗N)(Ua
ν )

∗.
(ii) Using Lemma 2.5.2 (i), we see that β(N) = Ua

ν â
o(No)(Ua

ν )
∗ lies in G ⋉a N if and

only if it commutes with (G⋉a N)′ = Ua
ν (G

o ⋉ao N
o)(Ua

ν )
∗, that is, if and only if âo(No)

commutes with ĴM̂ Ĵ ⊗ 1Hν and with ao(No). But since âo(No) ⊆ M̂ ⊗ No, the first
condition is always satisfied. �

2.5.5. Proposition. Let G be a locally compact quantum group and (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra. Then Na ⊆ Z(N) and N â ⊆ Z(N).

Proof. Using 2.5.1, we get that the algebra 1⊗ (Na)o commutes with âo(No), and, there-
fore, that 1⊗Na commutes with â(N). As it commutes with B(H)⊗ 1, it will commute
with B(H) ⊗ N , by ([V], th. 2.6). This is the first result. Applying it to the braided-

commutative Ĝ-Yetter-Drinfel’d algebra (N, â, a), we get the second result. �

3. Invariant weights on Yetter-Drinfel’d algebras

In this chapter, we recall the definition (3.1) and basic properties (3.2, 3.3) of a normal
semi-finite faithful weight on a von Neumann algebra N , relatively invariant with respect
to a left action a of a locally compact quantum group G on N . Then, we study the case
of an invariant weight on a Yetter-Drinfel’d algebra (N, a, â) (3.4, 3.5), and we prove that
if N is properly infinite, there exists such a weight (3.10).

3.1. Definition. Let G be a locally compact quantum group and a a left action of G
on a von Neumann algebra N . Let k be a positive invertible operator affiliated to M .
A normal faithful semi-finite weight ν on N is said to be k-invariant under a if for all
x ∈ N+,

(id⊗ ν)a(x) = ν(x)k.

Applying Γ to this formula, one gets Γ(k) = k ⊗ k, whence kit is a (one-dimensional)
representation of G for all t ∈ R. So, kit belongs to the von Neumann subalgebra I(M) of
M generated by all unitaries u ofM such that Γ(u) = u⊗u. As I(M) is globally invariant
by τt and R, using ([BV], 10.5), we get that it is a locally compact quantum group, whose
scaling group will be the restriction of τt to I(M). Since this locally compact quantum
group is cocommutative, we therefore get that the restriction of τt to I(M) is trivial, from
which we get that τt(k) = k for all t ∈ R.
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This property implies that P and k (resp. ∆̂ and k) strongly commute. Therefore their

product kP (resp. k∆̂) is closable, and its closure will be denoted again kP (resp. k∆̂).
It is proved in ([Y3], 4.1) that ν is k-invariant if and only if, for all t ∈ R, we have

(Dν ◦ a : Dν)t = k−it ⊗ 1 (or, equivalently, ∆it
ν̃ = k−it∆̂it ⊗∆it

ν ).
If k = 1, we shall say that ν is invariant under a.

3.2. Proposition. Let G be a locally compact quantum group, a a left action of G on
a von Neumann algebra N , and ν1 and ν2 two k-invariant normal faithful semi-finite
weights on N . Then (Dν1 : Dν2)t belongs to N

a for all t ∈ R.

Proof. For k = 1, this result had been proved in ([E3]7.8) for right actions of measured
quantum groupoids. To get it for left actions of locally compact quantum groups is just
a translation. The generalization for any k is left to the reader (see [V], 3.9). �

3.3. Proposition. Let G be a locally compact quantum group, a a left action of G on a
von Neumann algebra N , and ν a k-invariant faithful normal semi-finite weight on N .
Then:

(i) a(σνt (x)) = (Ad k−it ◦ τt ⊗ σνt )a(x) for all x ∈ N and t ∈ R;
(ii) for all x ∈ Nν, ξ ∈ D(k−1/2) and η ∈ H, (ωk−1/2ξ,η ⊗ id)a(x) belongs to Nν , and

the canonical implementation Ua
ν is given by

(ωξ,η ⊗ id)(Ua
ν )Λν(x) = Λν [(ωk−1/2ξ,η ⊗ id)a(x)].

Proof. (i) Since ∆it
ν̃ = k−it∆̂it ⊗∆it

ν ,

a(σνt (x)) = σν̃t (a(x)) = (k−it∆̂it ⊗∆it
ν )a(x)(∆̂

−itkit ⊗∆−it
ν )

for all t ∈ R.
(ii) The first result of (ii) is proved (for k = δ−1) in ([V], 2.4), and the general case can

be proved the same way. �

3.4. Theorem. Let G be a locally compact quantum group, (N, a, â) a G-Yetter-Drinfel’d
algebra, aD = (id ⊗ â)a the action of D(G) introduced in 2.4.1, and ν a faithful normal
semi-finite weight on N . Then the following conditions are equivalent:

(i) the weight ν is invariant under a and invariant under â.
(ii) the weight ν is invariant under aD.

Proof. The fact that (i) implies (ii) is trivial. Suppose that (ii) holds. Choose a state ω

in M̂∗ and define ν ′ = (ω ⊗ ν)â. As (id⊗ id⊗ ν)aD = ν, we get that (id⊗ ν ′)a = ν.
But

(id⊗ id⊗ ν ′)aD = (id⊗ id⊗ (ω ⊗ ν)â)(id⊗ â)a

= (id⊗ id⊗ ω ⊗ ν)(id⊗ Γ̂⊗ id)(id⊗ â)a,

and, for any state ω′ in M̂∗,

(id⊗ ω′ ⊗ ν ′)aD = (id⊗ (ω′ ⊗ ω) ◦ Γ̂⊗ ν)aD = ν.

Therefore, by linearity, we get that (id⊗ id⊗ ν ′)aD = ν. On the other hand,

(id⊗ id⊗ ν ′)aD = Ad(W ∗σ)(id⊗ id⊗ ν ′)(id⊗ a)â

= Ad(W ∗σ)(id⊗ (id⊗ ν ′)a)â

= Ad(W ∗σ)(id⊗ ν)â

But, as (id ⊗ id ⊗ ν ′)aD = ν, we get that ν = (id ⊗ ν)â, and, therefore, ν is invariant
under â. So, we get that ν ′ = ν, and ν is invariant under a. �
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3.5. Definition. Let G be a locally compact quantum group and (N, a, â) a G-Yetter-
Drinfel’d algebra. A normal faithful semi-finite weight onN will be called Yetter-Drinfel’d
invariant if it satisfies one of the equivalent conditions of 3.4.

3.6. Theorem. Let G be a locally compact quantum group, (N, a, â) a G-Yetter-Drinfel’d
algebra and aD = (id ⊗ â)a the action of D(G) introduced in 2.4.1. If aD is integrable,
then there exists a Yetter-Drinfel’d invariant normal faithful semi-finite weight on N .

Proof. Clear by [V], 2.5, using the fact that the locally compact quantum group D(G) is
unimodular. �

3.7. Corollary. Let G = (M,Γ, ϕ, ψ) be a locally compact quantum group and (N, a, â)

a G-Yetter-Drinfel’d algebra. Denote by H the Hilbert space L2(M) = L2(M̂). Then
(B(H)⊗ N, (ς ⊗ id)(id ⊗ α), (ς ⊗ id)(id ⊗ α̂)) is a G-Yetter-Drinfel’d algebra which has
a normal semi-finite faithful Yetter-Drinfel’d invariant weight.

Proof. Let aD = (id⊗ â)a be the action of D(G) introduced in 2.4.1. Using ([V], 2.6), we
know that the action (ς⊗ id)(id⊗aD) is a left action of D(G) which is cocycle-equivalent
to the bidual action of aD. As this bidual action is integrable ([V], 2.5), it has a Yetter-
Drinfel’d invariant semi-finite faithful weight by 3.6. Using ([V], 2.6.3), one gets that this
weight is invariant as well under (ς ⊗ id)(id⊗ aD). �

3.8. Corollary. Let G be a locally compact quantum group, (N, a, â) a G-Yetter-Drinfel’d
algebra, ν a normal semi-finite faithful weight on N , Ua

ν and U â
ν the canonical imple-

mentations of the actions a and â, and β the anti-∗-homomorphism introduced in 2.5.4.
Then:

(i) the unitary implementations of the actions a, â and aD are linked by the relation

UaD
ν = (Ua

ν )23(U
â
ν )13;

(ii) (Ua
ν )13(U

â
ν )23 = W12(U

â
ν )23(U

a
ν )13W

∗
12;

(iii) Ad(1⊗ U â
ν (U

a
ν )

∗)[W ⊗ 1] = (Ua
ν )

∗
13W12 = (Ua

ν )
∗
23W

∗
12(U

a
ν )23;

(iv) writing β† for the map xo 7→ β(x), we have

Ad(W ⊗ 1)[1⊗ β(x)] = (id⊗ β†)(ao(xo)) for all x ∈ N.

Proof. (i) Suppose first that there is a faithful semi-finite Yetter-Drinfel’d invariant weight
ν ′ for (N, a, â). Then, for ξ1, ξ2, η1, η2 in H , x ∈ Nν , we get, using 3.3,

(ωξ1⊗ξ2,η1⊗η2 ⊗ id)(UaD
ν′ )Λν′(x) = Λν′[(ωξ1⊗ξ2,η1⊗η2 ⊗ id)aD(x)]

= Λν′[(ωξ2,η2 ⊗ id)â(ωξ1,η1 ⊗ id)a(x)]

= (ωξ2,η2 ⊗ id)(U â
ν′)(ωξ1,η1 ⊗ id)(Ua

ν′)Λν′(x)m,

from which we get (i) for such a weight ν ′. Applying that result to 3.7, we get that there
exists a normal semi-finite faithful weight ψ on B(H)⊗N such that

U
(ς⊗id)(id⊗aD)
ψ = (U

(ς⊗id)(id⊗â)
ψ )234(U

(ς⊗id)(id⊗a)
ψ )134.

Using now ([V]4.1), we get that for every normal semi-finite faithful weight on N ,

U
(ς⊗id)(id⊗aD)
Tr⊗ν = (U

(ς⊗id)(id⊗â)
Tr⊗ν )234(U

(ς⊗id)(id⊗a)
Tr⊗ν )134

which by ([V]4.4) implies (i).
13



(ii) From (i) we get that (Ua
ν )23(U

â
ν )13 is a representation of D(G). Therefore,

(U â
ν )45(U

a
ν )35(U

â
ν )25(U

a
ν )15 = Ad(1⊗ σW ⊗ 1⊗ 1)[(Γ⊗ Γ̂⊗ id)((U â

ν )23(U
a
ν )13)]

= Ad(1⊗ σW ⊗ 1⊗ 1)[(U â
ν )45(U

â
ν )35(U

a
ν )25(U

a
ν )15]

= (U â
ν )45 Ad(1⊗ σW ⊗ 1⊗ 1)[(U â

ν )35(U
a
ν )25](U

a
ν )15,

from which we infer that

(Ua
ν )35(U

â
ν )25 = Ad(1⊗ σW ⊗ 1⊗ 1)[(U â

ν )35(U
a
ν )25].

After renumbering the legs, we obtain (ii).
(iii) The relation W ∗

12(U
a
ν )

∗
23W12 = (Γ⊗ id)(Ua

ν )
∗ = (Ua

ν )
∗
13(U

a
ν )

∗
23 implies

(Ua
ν )

∗
23W12(U

a
ν )23 = W12(U

a
ν )

∗
13.

Using (ii), we get

(Ua
ν )13(U

â
ν )23 = W12(U

â
ν )23(U

a
ν )

∗
23W

∗
12(U

a
ν )23

and, therefore,

W ∗
12(U

a
ν )13 = (U â

ν )23(U
a
ν )

∗
23W

∗
12(U

a
ν )23(U

â
ν )

∗
23

which implies (iii).
(iv) Relation (iii) and 2.5.2 imply

Ad(W12)[β(x)23] = Ad(W12(U
a
ν )23(U

â
ν )23)[1⊗ 1⊗ xo]

= Ad((Ua
ν )23(U

â
ν )

∗
23(U

a
ν )

∗
13W12)[1⊗ 1⊗ xo]

= Ad((Ua
ν )23(U

â
ν )

∗
23)[a

o(xo)13]

= (id⊗ β†)(ao(xo)). �

3.8.1. Remark. We have quickly shown in 2.4.5 that (i) can also be deduced from a
particular case of ([DC] 6,5), which remains unpublished.

3.9. Lemma. Let N be a properly infinite von Neumann algebra.

(i) Let (en)n∈N be a sequence of pairwise orthogonal projections in N , equivalent to
1 and whose sum is 1, and let (vn)n∈N be a sequence of isometries in N such that
v∗nvn = 1 and vnv

∗
n = en for all n ∈ N, (and, therefore v∗i vj = 0 if i 6= j). Let H

be a separable Hilbert space and ui,j a set of matrix units of B(H) acting on an
orthonormal basis (ξi)i. For any x ∈ N , let

Φ(x) =
∑

i,j

ui,j ⊗ v∗i xvj

Then Φ is an isomorphism of N onto B(H)⊗N , and Φ−1(1⊗ x) =
∑

i vixv
∗
i .

(ii) Let a be a left action of a locally compact quantum group G = (M,Γ, ϕ, ψ) with
separable predual M∗ on N . Then the operator V =

∑
n(1⊗ vn)a(v

∗
n) exists, is a

unitary in M ⊗N and a cocycle for a, that is, (Γ⊗ id)(V ) = (1⊗V )(id⊗ a)(V ).
Moreover, the actions (ς⊗ id)(id⊗a) and (id⊗Φ)aΦ−1 are linked by the relation

(ς ⊗ id)(id⊗ a)(X) = Ad((id⊗ Φ)(V ))[(id⊗ Φ)aΦ−1(X)].

(iii) Let φ be a normal semi-finite faithful weight on N . Then for each n ∈ N, the
weight φn on N defined by φn(x) = φ(vnxv

∗
n) for all x ∈ N+ is faithful, normal

and semi-finite, and φ ◦ Φ−1 =
∑

n(ωξn ⊗ φn).
14



(iv) Let ψ be a normal semi-finite faithful weight on B(H) ⊗ N . Then, with the
notations of (iii) (ψ ◦ Φ)n(x) = ψ(un,n ⊗ x) for all x ∈ N+. If ψ is invariant
under (ς ⊗ id)(id⊗ a), then each (ψ ◦Φ)n is a normal semi-finite faithful weight
on N , invariant under a.

Proof. (i) This result is taken from ([T1]Th 4.6).
(ii) This assertion is proved in ([E1]Th. IV.3) for right actions of Kac algebras, but

remains true for left actions of any locally compact quantum group.
(iii) Let (ξi)i∈N be the orthonormal basis of H defined by the matrix units ui,j. Then

we can define an isometry I from L2(N) into H ⊗ L2(N) by Iη =
∑

n ξn ⊗ v∗nη for
all η ∈ L2(N). It is then straightforward to get that, for all sequences (ηn)n∈N such
that

∑
n ‖ηn‖

2 < ∞, we have I∗(
∑

n ξn ⊗ ηn) =
∑

n vnηn. Therefore, I is unitary and
Φ(x) = IxI∗ and for all x ∈ N . So, for any ζ ∈ L2(N), ωζ ◦ Φ

−1 is equal to the normal
weight

∑
n ωξn ⊗ ωv∗nζ . Hence, φ ◦ Φ−1 is the weight

∑
n ωξn ⊗ φn.

Let now x ∈ N such that φn(x
∗x) = 0. By definition, we get that xv∗n = 0 and

therefore x = 0. So, the weight φn is faithful. As φ is semi-finite, there exists in M
+
φ

an increasing family xk ↑ 1. For all n ∈ N, we get yk = (ωξn ⊗ id)Φ(xk) ↑ 1 and
φn(yk) = (ωξn ⊗ φn)Φ(xk) ≤ φ(xk) <∞, which gives that φn is semi-finite.

(iv) First,

(ψ ◦ Φ)n(x) = (ψ ◦ Φ)(v∗nxvn) = ψ(
∑

i,j

ui,j ⊗ v∗i vnxv
∗
nvj) = ψ(un,n ⊗ x).

If ψ is invariant under (ς ⊗ id)(id ⊗ a), then it is clear that all (ψ ◦ Φ)n are normal
semi-finite faithful weights on N , invariant under a. �

3.10. Corollary. Let G = (M,Γ, ϕ, ψ) be a locally compact quantum group such that the
predual M∗ is separable, and (N, a, â) a G-Yetter-Drinfel’d algebra, where N is a properly
infinite von Neumann algebra. Then this G-Yetter-Drinfel’d algebra has a normal faithful
semi-finite invariant weight.

Proof. Use the left action aD = (id⊗ â)a of D(G) on N and apply 3.7 and 3.9(iv). �

4. The Hopf bimodule associated to a braided-commutative
Yetter-Drinfel’d algebra

In this chapter, we recall the definition of the relative tensor product of Hilbert spaces,
and of the fiber product of von Neumann algebra (4.1). Then, we recall the definition of a
Hopf bimodule (4.2) and a co-inverse. Starting then from a braided-commutative Yetter-
Drinfel’d algebra (N, a, â), and any normal semi-finite faithful weight ν on N , we first
construct an isomorphism of the Hilbert spaces H ⊗H ⊗Hν and (H ⊗Hν) β⊗a

ν

(H ⊗Hν)

(4.3) and then show that the dual action ã of Ĝo on the crossed product G⋉aN , modulo
this isomorphism, can be interpreted as a coproduct onG⋉aN (4.4). Finally, we construct
an involutive anti-∗-automorphism of G⋉a N which turns out to be a co-inverse (4.6).

4.1. Relative tensor products of Hilbert spaces and fiber products of von Neu-
mann algebras ([C], [S], [T2], [EVal]). Let N be a von Neumann algebra, ψ a normal
semi-finite faithful weight on N ; we shall denote by Hψ, Nψ, . . . the canonical objects of
the Tomita-Takesaki theory associated to the weight ψ.

Let α be a non-degenerate faithful representation of N on a Hilbert space H. The set
of ψ-bounded elements of the left module αH is

D(αH, ψ) = {ξ ∈ H : ∃C <∞, ‖α(y)ξ‖ ≤ C‖Λψ(y)‖, ∀y ∈ Nψ}.
15



For any ξ in D(αH, ψ), there exists a bounded operator Rα,ψ(ξ) from Hψ to H such that

Rα,ψ(ξ)Λψ(y) = α(y)ξ for all y ∈ Nψ,

and this operator the actions of N . If ξ and η are bounded vectors, we define the operator
product

〈ξ|η〉α,ψ = Rα,ψ(η)∗Rα,ψ(ξ),

which belongs to πψ(N)′. This last algebra will be identified with the opposite von
Neumann algebra No using Tomita-Takesaki theory.

If now β is a non-degenerate faithful anti-representation of N on a Hilbert space K,
the relative tensor product K β⊗α

ψ

H is the completion of the algebraic tensor product

K ⊙D(αH, ψ) by the scalar product defined by

(ξ1 ⊙ η1|ξ2 ⊙ η2) = (β(〈η1|η2〉α,ψ)ξ1|ξ2)

for all ξ1, ξ2 ∈ K and η1, η2 ∈ D(αH, ψ). If ξ ∈ K and η ∈ D(αH, ψ), we denote by
ξ β⊗α

ψ

η the image of ξ ⊙ η into K β⊗α
ψ

H. Writing ρβ,αη (ξ) = ξ β⊗α
ψ

η, we get a bounded

linear operator from H into K β⊗α
ν

H, which is equal to 1K ⊗ψ R
α,ψ(η).

Changing the weight ψ will give an isomorphic Hilbert space, but the isomorphism will
not exchange elementary tensors!

We shall denote by σψ the relative flip, which is a unitary sending K β⊗α
ψ

H onto

H α⊗β
ψo

K, defined by

σψ(ξ β⊗α
ψ

η) = η α⊗β
ψo

ξ

for all ξ ∈ D(Kβ, ψ
o) and η ∈ D(αH, ψ).

If x ∈ β(N)′ and y ∈ α(N)′, it is possible to define an operator x β⊗α
ψ

y on K β⊗α
ψ

H,

with natural values on the elementary tensors. As this operator does not depend upon
the weight ψ, it will be denoted by x β⊗α

N

y.

If P is a von Neumann algebra on H with α(N) ⊂ P , and Q a von Neumann algebra on
K with β(N) ⊂ Q, then we define the fiber product Qβ∗α

N

P as {xβ⊗α
N

y : x ∈ Q′, y ∈ P ′}′.

This von Neumann algebra can be defined independently of the Hilbert spaces on which
P and Q are represented. If for i = 1, 2, αi is a faithful non-degenerate homomorphism
from N into Pi, and βi is a faithful non-degenerate anti-homomorphism from N into
Qi, and Φ (resp. Ψ) a homomorphism from P1 to P2 (resp. from Q1 to Q2) such that
Φ ◦ α1 = α2 (resp. Ψ ◦ β1 = β2), then, it is possible to define a homomorphism Ψ β1∗α1

N

Φ

from Q1 β1∗α1

N

P1 into Q2 β2∗α2

N

P2.

We define a relative flip ςN from L(K) β∗α
N

L(H) onto L(H) α∗β
No

L(K) by ςN(X) =

σψX(σψ)
∗ for any X ∈ L(K) β∗α

N

L(H) and any normal semi-finite faithful weight ψ on

N .
Let now U be an isometry from a Hilbert space K1 in a Hilbert space K2, which

intertwines two anti-representations β1 and β2 of N , and let V be an isometry from a
Hilbert space H1 in a Hilbert space H2, which intertwines two representations α1 and
α2 of N . Then, it is possible to define, on linear combinations of elementary tensors,
an isometry U β1⊗α1

ψ

V which can be extended to the whole Hilbert space K1 β1⊗α1

ψ

H1

16



with values in K2 β2⊗α2

ψ

H2. One can show that this isometry does not depend upon the

weight ψ. It will be denoted by U β1⊗α1

N

V . If U and V are unitaries, then U β1⊗α1

N

V is

an unitary and (U β1⊗α1

N

V )∗ = U∗
β2⊗α2

N

V ∗.

In ([DC], chap. 11), De Commer had shown that, if N is finite-dimensional, the Hilbert
spaceKβ⊗α

ν

H can be isometrically imbedded into the usual Hilbert tensor productK⊗H.

4.2. Definitions. A quintuple (N,M, α, β,Γ) will be called a Hopf bimodule, following
([Val2], [EVal] 6.5), if N , M are von Neumann algebras, α is a faithful non-degenerate
representation of N into M , β is a faithful non-degenerate anti-representation of N into
M , with commuting ranges, and Γ is an injective ∗-homomorphism fromM intoM β∗α

N

M

such that, for all X in N ,

(i) Γ(β(X)) = 1 β⊗α
N

β(X),

(ii) Γ(α(X)) = α(X) β⊗α
N

1,

(iii) Γ satisfies the co-associativity relation

(Γ β∗α
N

id)Γ = (id β∗α
N

Γ)Γ

This last formula makes sense, thanks to the two preceeding ones and 4.1. The von
Neumann algebra N will be called the basis of (N,M, α, β,Γ).

In ([DC], chap. 11), De Commer had shown that, if N is finite-dimensional, the
Hilbert space L2(M) β⊗α

ν

L2(M) can be isometrically imbedded into the usual Hilbert

tensor product L2(M)⊗ L2(M) and the projection p on this closed subspace belongs to
M⊗M . Moreover, the fiber productM β∗α

N

M can be then identified with the reduced von

Neumann algebra p(M ⊗M)p and we can consider Γ as a usual coproduct M 7→M ⊗M ,
but with the condition Γ(1) = p.

A co-inverse R for a Hopf bimodule (N,M, α, β,Γ) is an involutive (R2 = id) anti-
∗-isomorphism of M satisfying R ◦ α = β (and therefore R ◦ β = α) and Γ ◦ R =
ςNo ◦ (R β∗α

N

R) ◦Γ, where ςNo is the flip from M α∗β
No

M onto M β∗α
N

M . A Hopf bimodule

is called co-commutative if N is abelian, β = α, and Γ = ς ◦ Γ.
For an example, suppose that G is a measured groupoid, with G(0) as its set of units. We

denote by r and s the range and source applications from G to G(0), given by xx−1 = r(x)
and x−1x = s(x), and by G(2) the set of composable elements, i.e.

G(2) = {(x, y) ∈ G2 : s(x) = r(y)}.

Let (λu)u∈G(0) be a Haar system on G and ν a measure on G(0). Let us denote by µ the
measure on G given by integrating λu by ν,

µ =

∫

G(0)

λudν.

By definition, ν is called quasi-invariant if µ is equivalent to its image under the inversion
x 7→ x−1 of G (see [R], [C2] II.5, [Pa] and [AR] for more details, precise definitions and
examples of groupoids).

In [Y1], [Y2], [Y3] and [Val2] was associated to a measured groupoid G, equipped
with a Haar system (λu)u∈G(0) and a quasi-invariant measure ν on G(0), a Hopf bimodule

with an abelian underlying von Neumann algebra (L∞(G(0), ν), L∞(G, µ), rG, sG,ΓG), where
17



rG(g) = g ◦ r and sG(g) = g ◦ s for all g in L∞(G(0)) and where ΓG(f), for f in L∞(G), is
the function defined on G(2) by (s, t) 7→ f(st). Thus, ΓG is an involutive homomorphism
from L∞(G) into L∞(G(2)), which can be identified with L∞(G)s∗rL

∞(G).
It is straightforward to get that the inversion of the groupoid gives a co-inverse for this

Hopf bimodule structure.

4.3. Proposition ([Ti2]). Let G be a locally compact quantum group, (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra, β the injective anti-∗-homomorphism from N
into G⋉aN introduced in 2.5.4, and ν a normal semi-finite faithful weight ν on N . Then
the relative tensor product (H ⊗ Hν) β⊗a

ν

(H ⊗ Hν) can be canonically identified with

H ⊗H ⊗Hν as follows:

(i) For any η ∈ H, p ∈ Nν, the vector Ua
ν (η ⊗ JνΛν(p)) belongs to D(a(H ⊗Hν), ν)

and

Ra,ν(Ua
ν (η ⊗ JνΛν(p))) = Ua

ν lηJνpJν ,

where lη is the application ζ → η ⊗ ζ from Hν into H ⊗ Hν. There exists a
unitary V1 from (H ⊗Hν) β⊗a

ν

(H ⊗Hν) onto H ⊗H ⊗Hν such that

V1(Ξ β⊗a

ν

Ua
ν (η ⊗ JνΛν(p))) = η ⊗ β(p∗)Ξ for all Ξ ∈ H ⊗Hν ,

and V1(X β⊗a

N

(1H ⊗ 1Hν )) = (1H ⊗ X)V1 for all X ∈ β(N)′, in particular, for

X ∈ a(N). Morover, writing β† for the map xo 7→ β(x), we have for all x ∈ N ,

V1[(1H ⊗ 1Hν ) β⊗a

N

(1H ⊗ xo)] = (id⊗ β†)(ao(xo))V1,

V1[(1H ⊗ 1Hν) β⊗a

N

β(x)] = (id⊗ β†)(âo(xo))V1.

(ii) For any ξ ∈ H, q ∈ Nν, the vector U
a
ν (U

â
ν )

∗(ξ⊗Λν(q)) belongs to D(β(H⊗Hν), ν
o)

and

Rβ,νo(Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q))) = Ua
ν (U

â
ν )

∗lξq.

There exists a unitary V2 from (H ⊗Hν) β⊗a

ν

(H ⊗Hν) onto H ⊗H ⊗Hν such

that

V2[U
a
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ξ] = ξ ⊗ a(q)Ξ for all Ξ ∈ H ⊗Hν ,

and V2((1H ⊗ 1Hν ) β⊗a

N

X) = (1H ⊗ X)V2 for all X ∈ a(N)′, in particular, for

X ∈ β(N).
(iii) V2V

∗
1 = σ12(U

a
ν )13(U

â
ν )23(U

a
ν )

∗
23 = σ12W12(U

â
ν )23(U

a
ν )

∗
23W

∗
12.

Proof. (i) For all n ∈ Nν ,

Ua
ν lηJνpJνΛν(n) = Ua

ν (η ⊗ JνpJνΛν(n)) = Ua
ν (η ⊗ nJνΛν(p)) = a(n)Ua

ν (η ⊗ JνΛν(p)),

which gives the proof of the first part of (i). Let now η′ ∈ H , p′ ∈ Nν , Ξ
′ ∈ H ⊗ Hν .

Then

〈Ua
ν (η

′ ⊗ JνΛν(p
′))|Ua

ν (η ⊗ JνΛν(p))〉
o
a,ν = Jνp

∗Jνl
∗
ηlη′Jνp

′Jν = (η|η′)Jνp
∗p′Jν
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and hence

(Ξ β⊗a

ν

Ua(η ⊗ JνΛν(p))|Ξ
′
β⊗a

ν

Ua(η′ ⊗ JνΛν(p
′))) =

= (β(〈Ua(η′ ⊗ JνΛν(p
′)), Ua(η ⊗ JνΛν(p))〉

o
a,ν)Ξ|Ξ

′) =

= (η|η′)(β(p∗p′)Ξ|Ξ′)

which proves the existence of an isometry V1 satisfying the above formula. As the image
of V1 is dense in H ⊗H ⊗Hν , we get that V1 is unitary.

Next, let z ∈ B(H), x ∈ N . Then

(z ⊗ β(x))V1[Ξ β⊗a

ν

Ua
ν (η ⊗ JνΛν(p))] = zη ⊗ β(x)β(p∗)Ξ

= zη ⊗ β((x∗p)∗)Ξ

= V1[Ξ β⊗a

ν

Ua
ν (zη ⊗ JνΛν(x

∗p))]

= V1[Ξ β⊗a

ν

Ua
ν (z ⊗ xo)(η ⊗ JνΛν(p))],

that is, (z ⊗ β(x))V1 = V1(1 β⊗a

ν

Ua
ν (z ⊗ xo)(Ua

ν )
∗). In particular,

(id⊗ β†)(ao(xo))V1 = V1(1 β⊗a

ν

Ua
νa

o(xo)(Ua
ν )

∗) = V1(1 β⊗a

ν

(1H ⊗ xo)),

(id⊗ β†)(âo(xo))V1 = V1(1 β⊗a

ν

Ua
ν â

o(xo)(Ua
ν )

∗) = V1(1 β⊗a

ν

β(x)).

(ii) We proceed as above. First, we have

Ua
ν (U

â
ν )

∗lξqJνΛν(n) = Ua
ν (U

â
ν )

∗(ξ ⊗ JνnJνΛν(q)) = β(n∗)Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q)),

which gives the proof of the first part of (ii). Let now ξ′ ∈ H , q′ ∈ Nν . Then

(Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ξ|Ua
ν (U

â
ν )

∗(ξ′ ⊗ Λν(q
′)) β⊗a

ν

Ξ′) =

= (a(〈Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q)), U
a
ν (U

â
ν )

∗(ξ′ ⊗ Λν(q
′))〉β,νo)Ξ|Ξ

′) =

= (ξ|ξ′)(a(q′∗q)Ξ|Ξ′)

which proves the existence of an isometry V2 satisfying the above formula. Again, as the
image of V2 is dense in H ⊗H ⊗Hν , we get (ii).

(iii) Applying (i), we get

V1[U
a
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ua
ν (η ⊗ JνΛν(p))] =

= η ⊗ β(p∗)Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) = η ⊗ Ua
ν (U

â
ν )

∗(ξ ⊗ JνpJνΛν(q)) =

= η ⊗ Ua
ν (U

â
ν )

∗(ξ ⊗ qJνΛν(p)),

and, applying (ii), we get

V2[U
a
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ua
ν (η ⊗ JνΛν(p))] =

= ξ ⊗ a(q)Ua
ν (η ⊗ JνΛν(p)) = ξ ⊗ Ua

ν (η ⊗ qJνΛν(p)),

from which we easily get (1H ⊗ U â
ν (U

a
ν )

∗)V1 = (σ ⊗ 1Hν)(1H ⊗ (Ua
ν )

∗)V2. Using Corollary
3.8(iii), we conclude

V2V
∗
1 = σ12(U

a
ν )13(U

â
ν )23(U

a
ν )

∗
23 = σ12W12(U

â
ν )23(U

a
ν )

∗
23W

∗
12. �
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4.4. Theorem ([Ti2]). Let G be a locally compact quantum group and (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra. We use the notations of 4.3.

(i) For X ∈ G ⋉a N , let Γ̃(X) = V ∗
1 ã(X)V1. Then this defines a normal ∗-

homomorphism Γ̃ from G⋉a N into (G⋉a N) β∗a
N

(G⋉a N). For all x ∈ N ,

Γ̃(a(x)) = a(x) β⊗a

N

(1H ⊗ 1Hν ),

Γ̃(β(x)) = (1H ⊗ 1Hν) β⊗a

N

β(x),

and for all y ∈ M̂ ,

Γ̃(y ⊗ 1Hν) = V ∗
1 (Γ̂

o(y)⊗ 1)V1 = V ∗
2 (Γ̂(y)⊗ 1Hν)V2.

(ii) (N,G⋉a N, a, β, Γ̃) is a Hopf bimodule.
(iii) We have ã(β†(xo)) = (id⊗ β†)âo(xo), where β† has been defined in 4.3.

Proof. (i) and (iii) Let x ∈ N . Then 4.3(iii) implies

Γ̃(a(x)) = V ∗
1 ã(a(x))V1 = V ∗

1 (1H ⊗ a(x))V1 = a(x) β⊗α
N

(1H ⊗ 1Hν),

in particular, Γ̃(a(x)) lies in (G⋉a N) β∗a
N

(G⋉a N).

Next, by definition,

Γ̃(β(x)) = Ad(V ∗
1 Ŵ

o∗
12 )[1⊗ β(x)] = Ad(V ∗

1 Ŵ
o∗
12 (U

a
ν )23)[1⊗ âo(xo)].

Since Ua
ν ∈ M ⊗ B(Hν) commutes with Ŵ o ∈ M̂ ⊗M ′, this is equal to

Ad(V ∗
1 (U

a
ν )23)Ŵ

o∗
12 )[1⊗ âo(xo)] = Ad(V ∗

1 )[(id⊗ β†)(âo(xo))] = (1H ⊗ 1Hν) β⊗α
N

β(x),

where we used 4.3(i). From this calculation, one gets (iii) as well.

For y ∈ M̂ , we get by definition of Γ̃

Γ̃(y ⊗ 1) = Ad(V ∗
1 )[ã(y ⊗ 1)] = Ad(V ∗

1 )[Γ̂
o(y)⊗ 1] = Ad(V ∗

1 W12)[y ⊗ 1⊗ 1].

By 4.3 (iii), V ∗
1 W12 = V ∗

2 σ12W12(U
â
ν )23(U

a
ν )

∗
23 and hence

Γ̃(y ⊗ 1) = Ad(V ∗
2 σ12W12(U

â
ν )23(U

a
ν )

∗
23)[y ⊗ 1⊗ 1] = Ad(V ∗

2 )(Γ̂(y)⊗ 1).

To see that Γ̃(y ⊗ 1) lies in (G⋉a N) β∗a
N

(G⋉a N), note that for any Y in (G⋉a N)′,

Ad(V1)[Y β⊗α
N

(1H ⊗ 1Hν)] = 1H ⊗ Y = Ad(V2)[(1H ⊗ 1Hν) β⊗α
N

Y ]

by 4.3, and 1H ⊗ Y commutes with

Ad(V1)(Γ̃(y ⊗ 1)) = Γ̂o(y)⊗ 1 and Ad(V2)(Γ̃(y ⊗ 1)) = Γ̂(y)⊗ 1.

(ii) To get (ii), we must verify that Γ̃ is co-associative. It is trivial to get that

(Γ̃ β∗a
N

id)Γ̃(a(x)) = a(x) β⊗a

N

(1H ⊗ 1Hν) β⊗a

N

(1H ⊗ 1Hν) = (id β∗a
N

Γ̃)Γ̃(a(x))

for all x ∈ N .
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Next, let y ∈ M̂ and consider the following diagrams,

M̂ ⊗ 1Hν

Γ̂⊗id
//

Γ̃
((P

P
P
P
P
P
P
P
P
P
P
P
P
P
P

M̂ ⊗ M̂ ⊗ 1Hν

ad(V ∗
2 ) ⊗id

��

id⊗Γ̃
// M̂ ⊗ (G⋉a N) β∗a

N

(G⋉a N)

ad(V ∗
2
) β∗a

N

id

��

(G⋉a N) β∗a
N

(G⋉a N)
idβ∗a

N

Γ̃

// (G⋉a N) β∗a
N

(G⋉a N) β∗a
N

(G⋉a N)

M̂ ⊗ 1Hν

ς23(Γ̂⊗id)
//

Γ̃
((P

P
P
P
P
P
P
P
P
P
P
P
P
P
P

M̂ ⊗ 1Hν ⊗ M̂
Γ̃⊗id

//

id⊗ad(Ṽ ∗
1
)

��

(G⋉a N) β∗a
N

(G⋉a N)⊗ M̂

idβ∗a
N

ad(Ṽ ∗
1 )

��

(G⋉a N) β∗a
N

(G⋉a N)
Γ̃β∗a

N

id

// (G⋉a N) β∗a
N

(G⋉a N) β∗a
N

(G⋉a N)

where Ṽ1 denotes the composition of the unitary V1 with the flip η ⊗ ξ ⊗ ζ 7→ ξ ⊗ ζ ⊗ η
(for ξ, η in H and ζ in Hν). The triangles commute by (i) and the squares commutes by
definition of V1 and V2. Next, consider the following diagram:

M̂ ⊗ 1Hν
ς23(Γ̂⊗id)

++❲❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲❲
❲❲

Γ̂⊗id

ss❣❣❣
❣❣
❣❣
❣❣
❣❣
❣❣
❣❣
❣

M̂ ⊗ M̂ ⊗ 1Hν

id⊗Γ̃

��

id⊗ς23(Γ̂⊗id)

++❲❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲

M̂ ⊗ 1Hν ⊗ M̂

Γ̃⊗id

��

Γ̂⊗id⊗id

ss❣❣❣
❣❣
❣❣
❣❣
❣❣
❣❣

M̂ ⊗ M̂ ⊗ 1Hν ⊗ M̂
id⊗ad(Ṽ ∗

1
)

tt❤❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤ ad(V ∗

2
) ⊗id

**❱❱
❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
❱

M̂ ⊗ (G⋉a N) β∗a
N

(G⋉a N)
ad(V ∗

2
) β∗a

N

id

**❯❯
❯❯

❯❯
❯❯

❯❯
❯❯

(G⋉a N) β∗a
N

(G⋉a N)⊗ M̂
idβ∗a

N

ad(Ṽ ∗
1
)

tt✐✐✐
✐✐
✐✐
✐✐
✐✐
✐

(G⋉a N) β∗a
N

(G⋉a N) β∗a
N

(G⋉a N)

The upper middle cell commutes by co-associativity of Γ̂, the left and the right triangle
commute by (i), and the lower middle cell commutes because the following diagram does,

(H ⊗Hν) β⊗a

ν

(H ⊗Hν) β⊗a

ν

(H ⊗Hν)

V2β⊗a

N

id

//

idβ⊗a

N

Ṽ1

��

H ⊗ ((H ⊗Hν) β⊗a

ν

(H ⊗Hν))

id⊗Ṽ1

��

((H ⊗Hν) β⊗a

ν

(H ⊗Hν))⊗H
V2⊗id

// H ⊗ (H ⊗Hν)⊗H

where both compositions are given by

Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ξ β⊗a

ν

Ua
ν (η ⊗ JνΛν(p)) 7→ ξ ⊗ a(q)β(p∗)Ξ⊗ η.

Combining everything, we can conclude that (Γ̃β∗a
N

id)◦Γ̃(y⊗1) = (idβ∗a
N

Γ̃)◦Γ̃(y⊗1). �
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4.5. Proposition ([Ti2]). Consider on the Hilbert space H⊗Hν the anti-linear operator:

I = Ua
ν (J ⊗ Jν)U

â
ν (U

a
ν )

∗ = Ua
ν (U

â
ν )

∗(J ⊗ Jν)(U
a
ν )

∗ = Ua
ν (U

â
ν )

∗J˜̂νU
â
ν (U

a
ν )

∗,

where ˜̂ν denotes the dual weight of ν on the crossed product Ĝ⋉â N .

(i) I is a bijective isometry and I2 = 1.
(ii) Ia(x)∗I = β(x) and Iβ(x)∗I = a(x) for all x ∈ N .

(iii) I(y∗ ⊗ 1)I = R̂(y)⊗ 1 for all y ∈ M̂ .
(iv) If σν denotes the flip from (H ⊗Hν) β⊗a

ν

(H ⊗Hν) to (H ⊗Hν) a⊗β
νo

(H ⊗Hν),

then
V2 = (J ⊗ I)V1(I a⊗β

No

I)σν .

Proof. (i) The relation U â
ν = J˜̂ν(J ⊗ Jν) (2.2) shows that the three expressions given for

I coincide and that I is isometric, bijective, anti-linear, and equal to I∗. Moreover, the
formula I = Ua

ν (U
â
ν )

∗J˜̂νU
â
ν (U

a
ν )

∗ shows that I2 = 1H ⊗ 1Hν .
(ii) We only need to prove the first equation. But by 2.5.4,

Ia(x)∗I∗ = Ad(Ua
ν (U

â
ν )

∗(J ⊗ Jν)(U
a
ν )

∗)[a(x)∗] = Ad(Ua
ν (U

â
ν )

∗)[1⊗ xo] = β(x).

(iii) Using 3.8(iii) and the fact that Ua
ν is a representation, we find that

(Ĵ ⊗ I)W12(Ĵ ⊗ I) = Ad((Ua
ν )23(Ĵ ⊗ J ⊗ Jν)(U

â
ν )23(U

a
ν )

∗
23)[W12]

= Ad((Ua
ν )23(Ĵ ⊗ J ⊗ Jν))[(U

a
ν )

∗
13W12]

= Ad((Ua
ν )23)[(U

a
ν )13W

∗
12]

= W ∗
12.

For any ξ, η in H , we can conclude that

I(J(ωξ,η ⊗ id)(W )∗J ⊗ 1)I = I((ωĴη,Ĵξ ⊗ id)(W )⊗ 1)I = (ωξ,η ⊗ id)(W )∗ ⊗ 1,

from which (iii) follows by continuity.
(iv) By (ii),

V1(I a⊗β
νo

I)σν [U
a
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ξ] = V1[IΞ β⊗a

ν

Ua
ν (Jξ ⊗ JνΛν(q))]

= Jξ ⊗ β(q∗)IΞ

= Jξ ⊗ Ia(q)Ξ

= (J ⊗ I)V2[U
a
ν (U

â
ν )

∗(ξ ⊗ Λν(q)) β⊗a

ν

Ξ]. �

4.6. Theorem ([Ti2]). Let G be a locally compact quantum group, (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra and I the anti-linear surjective isometry con-
structed in 4.5. Then:

(i) For all z ∈ G⋉aN , let R̃(z) = Iz∗I. Then R̃ is an involutive anti-∗-isomorphism

of G ⋉a N , and R̃(a(x)) = β(x), R̃(β(x)) = a(x) and R̃(y ⊗ 1Hν ) = R̂(y)⊗ 1Hν

for all x ∈ N and y ∈ M̂ .

(ii) R̃ is a co-inverse for the Hopf bimodule (N,G⋉a N, a, β, Γ̃) constructed in 4.4.

Proof. (i) This is just a straightforward corollary of 4.5(ii) and (iii).
(ii) We need to prove that

Γ̃ = ςNo(R̃ β⊗α
N

R̃)Γ̃R̃.
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Using (i), we find that for x ∈ N ,

ςNo(R̃ β⊗α
N

R̃)Γ̃R̃(a(x)) = ςNo(R̃ β⊗α
N

R̃)Γ̃(β(x))

= ςNo(R̃ β⊗α
N

R̃)((1H ⊗ 1Hν ) β⊗α
N

β(x)) = a(x) β⊗a

N

(1H ⊗ 1Hν )

coincides with Γ̃(a(x)). For y ∈ M̂ , we conclude from 4.4 and 4.5(iv) that

ςNo(R̃ β⊗α
N

R̃)Γ̃R̃(y ⊗ 1Hν ) = ςNo(R̃ β⊗α
N

R̃)Γ̃(R̂(y)⊗ 1Hν)

= ςNo(R̃ β⊗α
N

R̃)[V ∗
2 (Γ̂(R̂(y)⊗ 1Hν)V2]

= V ∗
1 ((R̂⊗ R̂)Γ̂(R̂(y))⊗ 1Hν )V1

= Γ̃(y ⊗ 1Hν)

As G ⋉a N is the von Neumann algebra generated by a(N) and M̂ ⊗ 1Hν , this finishes
the proof of (ii). �

4.7. Lemma. Let G be a locally compact quantum group, (N, a, â) a braided-commutative

G-Yetter-Drinfel’d algebra, Γ̃ the injective ∗-homomorphism from G ⋉a N into (G ⋉a

N) β∗a
N

(G ⋉a N) defined in 4.4, ã the dual action of Ĝ on G ⋉a N , and V1 as in 4.3.

Denote by τ the flip from (H⊗Hν)β⊗
ν
(1⊗a)(H⊗H⊗Hν) onto H⊗[(H⊗Hν)β⊗a

ν

(H⊗Hν)]

given by
τ(Ξβ⊗

ν
(1⊗a)(ξ ⊗ Ξ′)) = ξ ⊗ Ξ β⊗α

ν

Ξ′

for all ξ ∈ H, Ξ ∈ D(β(H ⊗Hν), ν
o), Ξ′ ∈ D(a(H ⊗Hν), ν). Then:

(i) (id β∗a
N

ã)Γ̃(X) = τ ∗(id⊗ Γ̃)ã(X)τ for all X ∈ G⋉a N .

(ii) V2Γ̃(X)V ∗
2 = (R̂⊗ R̃)ã(R̃(X)).

Proof. (i) For any x′ ∈ M ′, we have V1[(1H ⊗ 1Hν) β⊗a

N

(x′ ⊗ 1Hν )] = (x′ ⊗ 1H ⊗ 1Hν)V1.

As Ŵ o belongs to M̂ ⊗M ′, we infer

(1H ⊗ V1)τ [(1H ⊗ 1Hν )β⊗
N

1⊗a(Ŵ
o ⊗ 1Hν)] = (Ŵ o ⊗ 1H ⊗ 1Hν)(1H ⊗ V1)τ.(3)

Therefore, we can conclude that for all X ∈ G⋉a N ,

(id β∗a
N

ã)Γ̃(X) = Ad([(1H ⊗ 1Hν )β⊗
N

1⊗a(Ŵ
o∗ ⊗ 1Hν)]τ

∗(1H ⊗ V ∗
1 ))[1H ⊗ ã(X)]

= Ad(τ ∗(1H ⊗ V ∗
1 )(Ŵ

o∗ ⊗ 1H ⊗ 1Hν))[1H ⊗ ã(X)]

= Ad(τ ∗(1H ⊗ V ∗
1 ))[(Γ̂

o ⊗ id)ã(X)]

= Ad(τ ∗(1H ⊗ V ∗
1 ))[(id⊗ ã)ã(X)]

= τ ∗(id⊗ Γ̃)ã(X)τ.

(ii) By 4.5(iii),

Ad(V2)[Γ̃(X)] = Ad((J ⊗ I)V1σνo(I β⊗a

N

I))[Γ̃(X)]

= Ad((J ⊗ I)V1)[Γ̃R̃(X
∗)]

= (R̂⊗ R̃)ã(R̃(X)). �
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5. Measured quantum groupoid structure associated to a
braided-commutative Yetter-Drinfel’d algebra equipped with an

appropriate weight

In this chapter, after recalling the definition of a measured quantum groupoid (5.1)
and describing the major data associated to a measured quantum groupoid (5.2, 5.3), we
try to construct, given a braided-commutative G-Yetter-Drinfel’d algebra (A, a, â) and a
normal semi-finite faithful weight on N , a structure of a measured quantum groupoid,
denoted G(N, a, â, ν), on the crossed product G ⋉a N or, more precisely, on the Hopf
bimodule constructed in 4.6. Without any hypothesis on the normal faithful semi-finite
weight ν on N , we construct a left-invariant operator-valued weight (5.4) and a right-
invariant one (5.4), and we give a necessary and sufficient condition for a weight ν on N
to be relatively invariant with respect to these two operator-valued weights (5.9). This
condition is clearly satisfied (5.10) if ν is k-invariant with respect to a (for k affiliated to
Z(M), or k = δ−1).

5.1. Definition of measured quantum groupoids ([L], [E2]). A measured quantum
groupoid is an octuple G = (N,M, α, β,Γ, T, T ′, ν) such that ([E2], 3.8):

(i) (N,M, α, β,Γ) is a Hopf bimodule,
(ii) T is a left-invariant normal, semi-finite, faithful operator-valued weight from M to

α(N) (to be more precise, from M+ to the extended positive elements of α(N) (cf. [T2]
IX.4.12)), which means that, for any x ∈ M

+
T , we have (id β∗α

ν

T )Γ(x) = T (x) β⊗α
N

1.

(iii) T ′ is a right-invariant normal, semi-finite, faithful operator-valued weight from M
to β(N), which means that, for any x ∈ M

+
T ′, we have (T ′

β∗α
ν

id)Γ(x) = 1 β⊗α
N

T ′(x).

(iv) ν is normal semi-finite faithful weight on N , which is relatively invariant with
respect to T and T ′, which means that the modular automorphisms groups of the weights
Φ = ν ◦α−1 ◦T and Ψ = ν ◦β−1 ◦T ′ commute. The weight Φ will be called left-invariant,
and Ψ right-invariant.

For example, let G be a measured groupoid equipped with a left Haar system (λu)u∈G(0)

and a quasi-invariant measure ν on G(0). Let us use the notations introduced in 4.2. If
f ∈ L∞(G, µ)+, consider the function on G(0), u 7→

∫
G
fdλu, which belongs to L∞(G(0), ν).

The image of this function by the homomorphism rG is the function on G, γ 7→
∫
G
fdλr(γ),

and the application which sends f to this function can be considered as an operator-
valued weight from L∞(G, µ) to rG(L

∞(G(0), ν)) which is normal, semi-finite and faithful.
By definition of the Haar system (λu)u∈G(0) , it is left-invariant in the sense of (ii). We

shall denote this operator-valued weight from L∞(G, µ) to rG(L
∞(G(0), ν)) by TG. If we

write λu for the image of λu under the inversion x 7→ x−1 of the groupoid G, starting from
the application which sends f to the function on G(0) defined by u 7→

∫
G
fdλu, we define a

normal semifinite faithful operator-valued weight from L∞(G, µ) to sG(L
∞(G(0), ν)), which

is right-invariant in the sense of (ii), and which we shall denote by T
(−1)
G

.
We then get that

(L∞(G(0), ν), L∞(G, µ), rG, sG,ΓG, TG, T
(−1)
G

, ν)

is a measured quantum groupoid, which we shall denote again G.
It can be proved ([E4]) that any measured quantum groupoid, whose underlying von

Neumann algebra is abelian, is of that type.
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5.2. Pseudo-multiplicative unitary. Let G = (N,M, α, β,Γ, T, T ′, ν) be an octuple
satisfying the axioms (i), (ii) (iii) of 5.1. We shall write H = HΦ, J = JΦ and γ(n) =
Jα(n∗)J for all n ∈ N .

Then ([L], 3.7.3 and 3.7.4), G can be equipped with a pseudo-multiplicative unitary
W which is a unitary from H β⊗α

ν

H onto H α⊗γ
νo

H ([E2], 3.6) that intertwines α, γ, β

in the following way: for all X ∈ N ,

W (α(X) β⊗α
N

1) = (1 α⊗γ
No

α(X))W,

W (1 β⊗α
N

β(X)) = (1 α⊗γ
No

β(X))W,

W (γ(X) β⊗α
N

1) = (γ(X) α⊗γ
No

1)W,

W (1 β⊗α
N

γ(X)) = (β(X) α⊗γ
No

1)W.

Moreover, the operator W satisfies the pentagonal relation

(1 α⊗γ
No

W )(W β⊗α
N

1H) = (W α⊗γ
No

1)σ23
α,β(W γ⊗α

N

1)(1 β⊗α
N

σνo)(1 β⊗α
N

W ),

where σ23
α,β goes from (H α⊗γ

νo
H) β⊗α

ν

H to (H β⊗α
ν

H) α⊗γ
νo

H , and 1 β⊗α
N

σνo goes from

H β⊗α
ν

(H α⊗γ
νo

H) to H β⊗α
ν

H γ⊗α
ν

H . The operators in this formula are well-defined

because of the intertwining relations listed above.
Moreover, W , M and Γ are related by the following results:
(i) M is the weakly closed linear space generated by all operators of the form (id ∗

ωξ,η)(W ), where ξ ∈ D(αH, ν) and η ∈ D(Hγ, ν
o) (see [E2], 3.8(vii)).

(ii) Γ(x) = W ∗(1 α⊗γ
No

x)W for all x ∈M([E2], 3.6).

(iii) For any x, y1, y2 in NT ∩NΦ, we have ([E2], 3.6)

(id ∗ ωJΦΛΦ(y∗1y2),ΛΦ(x))(W ) = (id β∗α
N

ωJΦΛΦ(y2),JΦΛΦ(y1))Γ(x
∗).

If N is finite-dimensional, using the fact that the relative tensor products can be identified
with closed subspaces of the usual Hilbert tensor product (4.1), we get that W can be
considered as a partial isometry, which is multiplicative in the usual sense (i.e. such that
W23W12 = W12W13W23.)

5.3. Other data associated to a measured quantum groupoid. ([L], [E2]) Suppose
that G = (N,M, α, β,Γ, T, T ′, ν) is a measured quantum groupoid in the sense of 5.1.
Let us write Φ = ν ◦ α−1 ◦ T , which is a normal semi-finite faithful left-invariant weight
on M . Then:

(i) There exists an anti-∗-automorphism R on M such that

R2 = id, R(α(n)) = β(n) for all n ∈ N, Γ ◦R = ςNo(R β∗α
N

R)Γ

and

R((id ∗ ωξ,η)(W )) = (id ∗ ωJη,Jξ)(W ) for all ξ ∈ D(αH, ν), η ∈ D(Hγ, ν
o).

This map R will be called the co-inverse.
(ii) There exists a one-parameter group τt of automorphisms of M such that

R ◦ τt = τt ◦R, τt(α(n)) = α(σνt (n)), τt(β(n)) = β(σνt (n)), Γ ◦ σΦ
t = (τt β∗α

N

σΦ
t )Γ

for all t ∈ R and and n ∈ N . This one-parameter group- will be called the scaling group.
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(iii) The weight ν is relatively invariant with respect to T and RTR. Moreover, R and
τt are still the co-inverse and the scaling group of this new measured quantum groupoid,
which we shall denote by

G = (N,M, α, β,Γ, T, RTR, ν),

and for simplification we shall assume now that T ′ = RTR and Ψ = Φ ◦R.
(iv) There exists a one-parameter group γt of automorphisms of N such that

σTt (β(n)) = β(γt(n))

for all t ∈ R and n ∈ N . Moreover, we get that ν ◦ γt = ν.
(vi) There exist a positive non-singular operator λ affiliated to Z(M) and a positive

non-singular operator δ affiliated with M such that

(DΦ ◦R : DΦ)t = λit
2/2δit,

and therefore

(DΦ ◦ σΦ◦R
s : DΦ)t = λist.

The operator λ will be called the scaling operator, and there exists a positive non-singular
operator q affiliated to N such that λ = α(q) = β(q). We have R(λ) = λ.

The operator δ will be called the modulus. We have R(δ) = δ−1 and τt(δ) = δ for
all t ∈ R, and we can define a one-parameter group of unitaries δit β⊗α

N

δit which acts

naturally on elementary tensor products and satisfies for all t ∈ R

Γ(δit) = δit β⊗α
N

δit.

(vii) We have (DΦ ◦ τt : DΦ)s = λ−ist, which proves that τt ◦ σ
Φ
s = σΦ

s ◦ τt for all s, t
in R and allows to define a one-parameter group of unitaries by

P itΛΦ(x) = λt/2ΛΦ(τt(x)) for all x ∈ NΦ.

Moreover, for any y in M , we get that

τt(y) = P ityP−it.

As for the multiplicative unitary associated to a locally compact quantum group, one can
prove, using this operator P , a “managing property” for W , and we shall say that the
pseudo-multiplicative unitary W is manageable, with “managing operator” P .

As τt ◦ σ
Φ
t = σΦ

t ◦ τt, we get that JΦPJΦ = P .
(viii) It is possible to construct a dual measured quantum groupoid

Ĝ = (N, M̂, α, γ, Γ̂, T̂ , T̂ ′, ν)

where M̂ is equal to the weakly closed linear space generated by all operators of the form

(ωξ,η ∗ id)(W ), for ξ ∈ D(Hβ, ν
o) and η ∈ D(αH, ν), Γ̂(y) = σνoW (y β⊗α

N

1)W ∗σν for all

y ∈ M̂ , and the dual left operator-valued weight T̂ is constructed in a similar way as the
dual left-invariant weight of a locally compact quantum group. Namely, it is possible to

construct a normal semi-finite faithful weight Φ̂ on M̂ such that, for all ξ ∈ D(Hβ, ν
o)

and η ∈ D(αH, ν) such that ωξ,η belongs to IΦ,

Φ̂((ωξ,η ∗ id)(W )∗(ωξ,η ∗ id)(W )) = ‖ωξ,η‖
2
Φ.

We can prove that σΦ̂
t ◦α = α ◦σνt for all t ∈ R, which gives the existence of an operator-

valued weight T̂ , which appears then to be left-invariant.
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As the formula y 7→ Jy∗J (y ∈ M̂) gives a co-inverse for the coproduct Γ̂, we get also

a right-invariant operator-valued weight. Moreover, the pseudo-multiplicative unitary Ŵ

associated to Ĝ is Ŵ = σνW
∗σν , its managing operator P̂ is equal to P , its scaling group

is given by τ̂t(y) = P ityP−it, its scaling operator λ̂ is equal to λ−1, and its one-parameter
group of unitaries γ̂t of N is equal to γ−t.

We write Φ̂ for ν ◦α−1 ◦ T̂ , identify HΦ̂ with H , and write Ĵ = JΦ̂. Then R(x) = Ĵx∗Ĵ

for all x ∈M and W ∗ = (Ĵ α⊗γ
No

J)W (Ĵ α⊗γ
No

J).

Moreover, we have
̂̂
G = G.

For example, let G be a measured groupoid as in 5.1. The dual Ĝ of the measured
quantum groupoid constructed in 5.1 (and denoted again by G) is

Ĝ = (L∞(G(0), ν),L(G), rG, rG, Γ̂G, T̂G, T̂G),

where L(G) is the von Neumann algebra generated by the convolution algebra associated

to the groupoid G, the coproduct Γ̂G had been defined in ([Val1] 3.3.2), and the operator-

valued weight T̂G had been defined in ([Val1], 3.3.4). The underlying Hopf bimodule is
co-commutative.

5.4. Theorem ([Ti2]). Let G be a locally compact quantum group and (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra. Then the normal faithful semi-finite operator-
valued weight Tã from G⋉aA onto a(N) ([V]1.3 and 2.5) is left-invariant with respect to

the Hopf bimodule structure constructed in 4.6, and R̃ ◦ Tã ◦ R̃ is right-invariant.

Proof. For all positive X in G⋉a N , we find, using 4.7(i) and 4.6,

(id β∗a
N

Tã)Γ̃(X) = (id β∗a
N

(ϕ̂ ◦ R̂⊗ id)ã)Γ̃(X)

= (ϕ̂ ◦ R̂⊗ id)(id⊗ Γ̃)ã(X)

= Γ̃(Tã(X))

= Tã(X) β⊗a

N

(1H ⊗ 1Hν)

which proves that Tã is left-invariant. Using 4.6, we get trivially that R̃ ◦ Tã ◦ R̃ is a
normal faithful semi-finite operator valued weight from G ⋉a N onto β(N), which is

right-invariant with respect to the coproduct Γ̃. �

In the situation above, we shall denote by G(N, a, â, ν) the Hopf-bimodule (N,G ⋉a

N, a, β, Γ̃) constructed in 4.4(ii), equipped with its co-inverse R̃ constructed in 4.6(ii),
with the left-invariant operator-valued weight Tã and the right-invariant operator-vlaued

weight R̃ ◦ Tã ◦ R̃, and with the normal semi-finite faithful weight ν on N .

5.5. Proposition. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, ν a normal semi-finite faithful weight on N , Dt its
Radon-Nikodym derivative with respect to a (2.2) and Do

t the Radon-Nikodym derivative
of the weight νo on No with respect to the action ao (2.5.1). For all t ∈ R, denote by τ̃t
the map Ad[Ua

ν (U
â
ν )

∗∆it
˜̂ν
U â
ν (U

a
ν )

∗] defined on B(H ⊗Hν), where ˜̂ν is the dual weight of ν

on the crossed product Ĝ⋉â N . Then:

(i) τ̃t ◦ β(x) = β(σνt (x)) for all x ∈ N and t ∈ R.
(ii) for all t ∈ R, τ̃t commutes with Ad I, where I had been defined in 4.5, and,

therefore τ̃t(a(x)) = a(σνt (x)) for all x ∈ N and t ∈ R.
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(iii) Denote by β† the application xo 7→ β(x) from No into G⋉a N . Then

(id⊗ τ̃t)(W12) = ∆̂−it
1 (id⊗ β†)(Do

−t)W12(id⊗ a)(Dt)∆̂
it
1

= (τ−t ⊗ β†)(Do
−t)(id⊗ τ̂ )(W )12(τ−t ⊗ a)(Dt).

(iv) τ̃t(G⋉a N) = G⋉a N and τ̃t ◦ R̃ = R̃ ◦ τ̃t.

Proof. (i) For any x ∈ N ,

τ̃t(β(x)) = Ad(Ua
ν (U

â
ν )

∗)[∆it
˜̂ν
] · Ad(Ua

ν (U
â
ν )

∗)[1⊗ xo] ·Ad(Ua
ν (U

â
ν )

∗)[∆−it
˜̂ν

]

= Ad(Ua
ν (U

â
ν )

∗∆it
˜̂ν
)[1⊗ xo]

= Ad(Ua
ν (U

â
ν )

∗)[Dt(1⊗ σνt (x)
o)D∗

t ]

= Ad(Ua
ν (U

â
ν )

∗)[1⊗ σνt (x)
o]

= β(σνt (x))

(ii) The first assertion follows from the fact that J˜̂ν and ∆it
˜̂ν
commute. To conclude

that τ̃t(a(x)) = a(σνt (x)), use (i) and 4.5(ii).
(iii) Let t ∈ R. Then 2.5.2(iii) and 2.1 imply

Ad((∆̂⊗∆˜̂ν)
it)[(Ua

ν )
∗
13W12] = Ad((D̂t)23(∆̂⊗∆⊗∆ν)

it)[(Ua
ν )

∗
13W12]

= (D̂t)23(D
o
−t)

∗
13(U

a
ν )

∗
13(Dt)13W12(D̂t)

∗
23

= (Do
−t)

∗
13(D̂t)23(U

a
ν )

∗
13(Dt)13W12(D̂t)

∗
23.

But 2.4.4 gives that (id⊗ â)(Dt)(D̂t)23 = W ∗
12(U

a
ν )13(D̂t)23(U

a
ν )

∗
13(Dt)13W12, whence

(D̂t)23(U
a
ν )

∗
13(Dt)13W12(D̂t)

∗
23 = (Ua

ν )
∗
13W12(1⊗ â)(Dt).

We insert this relation above and find

Ad((∆̂⊗∆˜̂ν)
it)[(Ua

ν )
∗
13W12] = (Do

−t)
∗
13 · (U

a
ν )

∗
13W12 · (id⊗ â)(Dt).

We use this relation and Ad(1⊗ U â
ν (U

a
ν )

∗)[W12] = (Ua
ν )

∗
13W12 (3.8), and find

(id⊗ τ̃t)(W12) = Ad(1H ⊗ Ua
ν (U

â
ν )

∗∆it
˜̂ν
U â
ν (U

a
ν )

∗)[W12]

= Ad(∆̂−it ⊗ Ua
ν (U

â
ν )

∗)[Ad((∆̂⊗∆˜̂ν)
it)((Ua

ν )
∗
13W12)]

= Ad(∆̂−it ⊗ Ua
ν (U

â
ν )

∗)[(Do
−t)

∗
13 · (U

a
ν )

∗
13W12 · (id⊗ â)(Dt)]

= ∆̂−it
1 (id⊗ β†)(Do

−t)W12(id⊗ a)(Dt)∆̂
it
1 .

(iv) For any ω ∈M∗, the element τ̃t[(ω ⊗ id)(W )⊗ 1] belongs to G⋉a N because

τ̃t[(ω ⊗ id)(W )⊗ 1] = (ω ◦ τ−t)[(id⊗ β†)(Do
−t)W12(id⊗ a)(Dt)].

By continuity, we get that τ̃t(y⊗1) belongs to G⋉aN for any y ∈ M̂ . Together with (ii),
we obtain that τ̃t(G⋉aN) ⊆ G⋉aN , and, as τ̃ is a one-parameter group of automorphisms,

we have τ̃t(G⋉a N) = G⋉a N . By (ii), τ̃t commutes with R̃. �

5.6. Lemma. Let G be a locally compact quantum group, (N, a, â) a braided-commutative
G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N , Dt its Radon-
Nikodym derivative with respect to a (2.2) and ν̃ the dual weight of ν on the crossed
product G⋉a N . Then for all t ∈ R,

(id⊗ σν̃t )(W12) = δ−it1 ∆̂−it
1 W12(id⊗ a)(Dt)∆̂

it
1 = (id⊗ σ̂t)(W )12(τ−t ⊗ a)(Dt).
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Proof. By ([Y3], 3.4) and 2.2,

(id⊗ σν̃t )(W12) = [Dt(∆̂
it ⊗∆it

ν )]23W12[(∆̂
−it ⊗∆−it

ν )D∗
t ]23

= δ−it1 ∆̂−it
1 (Dt)23W12∆̂

it
1 (D

∗
t )23

= δ−it1 ∆̂−it
1 W12(Γ⊗ id)(Dt)(D

∗
t )23∆̂

it
1

= δ−it1 ∆̂−it
1 W12(id⊗ a)(Dt)∆̂

it
1 . �

5.7. Proposition. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N , and ν̃ the
dual weight of ν on the crossed product G ⋉a N . Then the one-parameter group τ̃t of
G⋉a N constructed in 5.5 satisfies, for all t ∈ R,

Γ̃ ◦ σν̃t = (τ̃t β∗a
N

σν̃t ) ◦ Γ̃, Γ̃ ◦ σν̃◦R̃t = (σν̃◦R̃t β∗a
N

τ̃−t) ◦ Γ̃.

Proof. Let x ∈ N and t ∈ R. Then 5.5(ii) and 4.4 imply

Γ̃ ◦ σν̃t (a(x)) = Γ̃(a(σνt (x))) = a(σνt (x)) β⊗a

N

1

= (τ̃t β∗a
N

σν̃t )(a(x) β⊗a

N

1) = (τ̃t β∗a
N

σν̃t )Γ̃(a(x)).

Next, let V2 be the unitary from (H ⊗Hν) β⊗a

ν

(H ⊗Hν) onto H ⊗H ⊗ Hν introduced

in 4.3, and denote by ˜̂ν the weight on Ĝ⋉a N dual to ν as before. Then

V2[U
a
ν (U

â
ν )

∗∆it
˜̂ν
U â(Ua

ν )
∗
β⊗a

N

∆it
ν̃ ]V

∗
2 (ξ ⊗ a(q)Ξ) = V2[U

a
ν (U

â
ν )

∗∆it
˜̂ν
(ξ ⊗ Λν(q)) β⊗a

N

∆it
ν̃Ξ]

= V2[U
a
ν (U

â
ν )

∗D̂t(∆
itξ ⊗ Λν(σ

ν
t (q))) β⊗a

N

∆it
ν̃Ξ]

= (id⊗ a)(D̂t)(∆
itξ ⊗ a(σνt (q))∆

it
ν̃Ξ)

= (id⊗ a)(D̂t)(∆
it ⊗∆it

ν̃ )(ξ ⊗ a(q)Ξ).

Let now y ∈ M̂ . Then by 4.4,

Ad(V2)[Γ̃(y ⊗ 1)] = Γ̂(y)⊗ 1 = Ad(σ12W12)[y ⊗ 1].

Using these two relations and 2.4.4, we find

Ad(V2)[(τ̃ β∗α
N

σν̃t )(Γ̃(y ⊗ 1))] = Ad((id⊗ a)(D̂t)(∆
it ⊗∆it

ν̃ )σ12W12)[y ⊗ 1⊗ 1]

= Ad(σ12W12(id⊗ â)(Dt)(∆̂
it ⊗∆it

˜̂ν
))[y ⊗ 1⊗ 1]

= Ad(σ12W12(U
â
ν )23(Dt)13)[σ̂t(y)⊗ 1⊗ 1].

By 4.3(iii), σ12W12(U
â
ν )23 = V2V

∗
1 W12(U

a
ν )23 and hence

Ad(V1)[(τ̃ β∗α
N

σν̃t )(Γ̃(y ⊗ 1))] = Ad(W12(U
a
ν )23(Dt)13)[σ̂t(y)⊗ 1⊗ 1]

= Ad(W12(id⊗ a)(Dt)(Dt)23)[σ̂t(y)⊗ 1⊗ 1]

= Ad((Dt)23W12)[σ̂t(y)⊗ 1⊗ 1]

= Ad((Dt)23)[Γ̂
o(σ̂t(y))⊗ 1].
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On the other hand,

Ad(V1)[Γ̃(σ
ν̃
t (y ⊗ 1))] = ã(σν̃t (y ⊗ 1))

= Ad((Ŵ o
12)

∗)[σν̃t (y ⊗ 1)]

= Ad((Ŵ o
12)

∗(Dt)23)[σ̂t(y)⊗ 1]

= Ad((Dt)23(Ŵ
o)∗12)[σ̂t(y)⊗ 1]

= Ad((Dt)23)[(Γ̂
o(σ̂t(y))⊗ 1)],

showing that (τ̃ β∗α
N

σν̃t )(Γ̃(y ⊗ 1)) = Γ̃(σν̃t (y ⊗ 1)).

Since G ⋉a N is generated by a(N) and M̂ ⊗ 1, the first of the two formulas follows.
Using 5.5(iv), the second one is easy to prove from the first one. �

5.8. Corollary. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N , and ν̃ the
dual weight of ν on the crossed product G⋉aN . Then there exists a one-parameter group
γt of automorphisms of N such that σν̃t (β(x)) = β(γt(x)).

Proof. Using 5.7, we get that for all x ∈ N and t ∈ R,

Γ̃(σν̃t (β(x))) = (τ̃t β∗a
N

σν̃t )(Γ̃(β(x))) = (τ̃t β∗a
N

σν̃t )(1 β⊗a

N

β(x)) = 1 β⊗a

N

σν̃t (β(x))

from which we get the result by ([L], 4.0.9). �

5.9. Theorem. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N , Dt the
Radon-Nikodym derivative of ν with respect to the action a, ν̃ the dual weight of ν on
the crossed product G ⋉a N , τ̃t the one parameter group of automorphisms of G ⋉a N
constructed in 5.5, and γt the one parameter group of automorphisms of N constructed
in 5.8. Let Φt be the automorphism of M defined by Φt(x) = τt ◦ Ad δ

−it (let us remark
that Φt is an automorphism of G). Then the following conditions are equivalent:

(i) (Φt ⊗ γt)(Ds) = Ds for all s, t in R.
(ii) σν̃t and τ̃s commute for all s, t in R.

(iii) σν̃t and σν̃◦R̃s commute for all s, t in R.
(iv) G(N, a, â, ν) is a measured quantum groupoid.

If these conditions hold, then τ̃t is the scaling group of G(N, a, â, ν), and γt is the one
parameter group of automorphisms of N defined in 5.3(iv).

Proof. The restrictions of σν̃t and τ̃s on a(N) always commute because σν̃t ◦ τ̃s(a(x)) =
a(σνt ◦ σ

ν
s (x)) and τ̃s ◦ σ

ν̃
t (a(x)) = a(σνs ◦ σ

ν
t (x)) for all x ∈ N by 5.5(ii).

Using now 5.6, 5.5(iii) and 2.2, we get that

(id⊗ τ̃sσ
ν̃
t )(W12) = δ−it1 ∆̂−it

1 (id⊗ τ̃s)(W12)(id⊗ τ̃sa)(Dt)∆̂
it
1

= δ−it1 ∆̂−it
1 ∆̂−is

1 (id⊗ β†)(Do
−s)W12(id⊗ a)(Ds)∆̂

is
1 (id⊗ aσνs )(Dt)∆̂

it
1

= δ−it1 ∆̂
−i(s+t)
1 (id⊗ β†)(Do

−s)W12(id⊗ a)(Ds(τs ⊗ σνs )(Dt))∆̂
i(s+t)
1

= δ−it1 ∆̂−i(s+t)(id⊗ β†)(Do
−s)W12(id⊗ a)(Ds+t)∆̂

i(s+t)
1
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and, on the other hand,

(id⊗ σν̃t τ̃s)(W12) = ∆̂−is
1 (id⊗ σν̃t β

†)(Do
−s)(id⊗ σν̃t )(W12)(id⊗ σν̃t a)(Ds)∆̂

is
1

= ∆̂−is
1 (id⊗ β†γot )(D

o
−s)δ

−it
1 ∆̂−it

1 W12(id⊗ a)(Dt)∆̂
it
1 (id⊗ σν̃t a)(Ds)∆̂

is
1

= ∆̂
−i(s+t)
1 δ−it1 (Φt ⊗ β†γot )(D

o
−s)W12(id⊗ a)(Dt(τt ⊗ σνt )(Ds))∆̂

i(s+t)
1

= ∆̂
−i(s+t)
1 δ−it1 (Φt ⊗ β†γot )(D

o
−s)W12(id⊗ a)(Ds+t)∆̂

i(s+t)
1 .

Consequently, (id ⊗ σν̃t τ̃s)(W12) = (id ⊗ τ̃sσ
ν̃
t )(W12) if and only if (Φt ⊗ γt)(Ds) = Ds,

which gives the equivalence of (i) and (ii).
Let us suppose (ii). Using 5.7, we get

Γ̃(σν̃t σ
ν̃◦R̃
s ) = (τ̃tσ

ν̃◦R̃
s β∗a

N

σν̃t τ̃−s) ◦ Γ̃ and Γ̃(σν̃◦R̃s σν̃t ) = (σν̃◦R̃s τ̃t β∗a
N

τ̃−sσ
ν̃
t ) ◦ Γ̃,

and by the commutation of τ̃ with σν̃ and with σν̃◦R̃, we get (iii).
By definition of a measured quantum groupoid, we have the equivalence of (iii) and

(iv). The fact that (iv) implies (ii) is given by 5.3(vi). �

5.10. Corollary. Let G be a locally compact quantum group and (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra such that one of the following conditions holds:

(i) N is properly infinite, or
(ii) a is integrable, or
(iii) G is (the von Neumann version of) a compact quantum group.

Then there exists a normal semi-finite faithful weight ν on N such that G(N, a, â, ν) is a
measured quantum groupoid.

Proof. We consider the individual cases:
(i) By 3.10, there exists a normal semi-finite faithful weight ν on N , invariant under

a; therefore its Radon-Nikodym derivative Dt = 1, and we get the result by 5.9.
(ii) In that case, there exists a weight ν on N which is δ−1-invariant with respect to a;

so we can apply again 5.9 to get the result.
(iii) We are here in a particular case of (ii), but with δ = 1. �

5.11.Proposition. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N , k-invariant
with respect to a (with k affiliated to Z(M)). Then:

(i) the scaling group τ̃t of G(N, a, â, ν) is given by τ̃t(X) = (P it⊗∆it
ν )X(P−it⊗∆−it

ν )
for all X ∈ G⋉a N ;

(ii) the scaling operator λ̃ is equal to λ−1, where λ is the scaling constant of G, and

the managing operator P̃ is equal to P ⊗∆ν.

Proof. (i) The scaling group τ̃t satisfies τ̃t(a(x)) = a(σνt (x)) for all x ∈ N (5.5(ii)). Using
now 3.3 (i), we get that τ̃t(a(x)) = (τt ⊗ σνt )(a(x)).

On the other hand, using 5.5(iii) and 3.1, we get that

(id⊗ τ̃t)(W12) = ∆̂−it
1 R(k−it)1W12k

it∆̂it
1 = (τ−t ⊗ id)(W )⊗ 1 = (id⊗ τ̂t)(W )⊗ 1.

So, for all y ∈ M̂ , we have τ̃t(y ⊗ 1) = τ̂t(y)⊗ 1, from which we get (i).
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(ii) The scaling operator is equal to λ−1 because

ν̃(τ̃t(a(x
∗)(y∗y ⊗ 1Hν)a(x))) = ν̃[a(σνt (x

∗))(τ̂t(y
∗y)⊗ 1Hν )a(σ

ν
t (x))]

= ν(σνt (x
∗x))ϕ̂(τ̂t(y

∗y))

= λ−tν(x∗x)ϕ̂(y∗y)

= λ−tν̃(a(x∗)(y∗y ⊗ 1Hν)a(x)),

and P̃ is equal to P ⊗∆ν because

Λν̃(τ̃t((y ⊗ 1Hν)a(x))) = Λν̃ [(τ̂t(y)⊗ 1Hν)a(σ
ν
t (x))]

= Λϕ̂(τ̂t(y))⊗ Λν(σ
ν
t (x))

= λt/2(P it ⊗∆it
ν )(Λϕ̂(y)⊗ Λν(x)). �

6. Duality

In this chapter, we prove (6.5) that, ifG(N, a, â, ν) is a measured quantum groupoid, its
dual is isomorphic to G(N, â, a, ν), which is therefore also a measured quantum groupoid.

6.1. Lemma. Let G be a locally compact quantum group, (N, a, â) a braided-commutative
G-Yetter-Drinfel’d algebra and ν a normal faithful semi-finite weight on N , and let
G(N, a, â, ν) be the associated Hopf-bimodule, equipped with a co-inverse, a left-invariant
operator-valued weight and a right-invariant valued weight by 4.4(ii), 4.6 and 5.4. Then:

(i) The anti-representation γ of N is given by γ(x∗) = 1H ⊗ JνxJν for all x ∈ N , .
(ii) For any ξ ∈ H, p ∈ Nν, the vector ξ ⊗ Λν(p) belongs to D((H ⊗Hν)γ , ν

o), and
Rγ,νo(ξ ⊗ Λν(p)) = lξp, where lξ is the linear application from Hν to H ⊗ Hν

given by lξζ = ξ ⊗ ζ for all ζ ∈ Hν.
(iii) There exists a unitary V3 from (H ⊗Hν) a⊗γ

νo
(H ⊗Hν) onto H ⊗H ⊗Hν such

that

V3[Ξ a⊗γ
νo

(ξ ⊗ Λν(p))] = ξ ⊗ a(p)Ξ for all Ξ ∈ H ⊗Hν .

Moreover, (1⊗X)V3 = V3(X a⊗γ
No

1) for all X ∈ a(N)′.

(iv) V3(I β⊗a

N

Jν̃) = (Ĵ ⊗ I)V1.

Proof. (i) By definition (5.2), the left-invariant weight of G(N, a, â, ν) is the dual weight
ν̃. Therefore, by definition (5.2), and using 2.2,

γ(x∗) = Jν̃a(x)Jν̃ = (Ĵ ⊗ Jν)(U
a
ν )

∗a(x)Ua
ν (Ĵ ⊗ Jν) = 1H ⊗ JνxJν .

(ii) This follows from the relation lξpJνΛν(x) = ξ ⊗ JνxJνΛν(p) = γ(x∗)(ξ ⊗ Λν(p)).
(iii) For any ξ′ ∈ H , Ξ′ ∈ H ⊗Hν , p

′ ∈ Nν ,

(Ξ a⊗γ
νo

(ξ ⊗ Λν(p))|Ξ
′
a⊗γ
νo

(ξ′ ⊗ Λν(p
′)) = (a(〈ξ ⊗ Λν(p), ξ

′ ⊗ Λν(p)〉γ,νo)Ξ|Ξ
′)

= (a(p′∗l∗ξ′lξp)Ξ|Ξ
′)

= (ξ ⊗ a(p)Ξ|ξ′ ⊗ a(p′)Ξ′),

from which we get the existence of V3 as an isometry. As it is trivially surjective, we get
it is a unitary. The last formula of (iii) is trivial.

(iv) Using 4.5(ii) and 6.1(i), we get the existence of an anti-linear bijective isometry
I β⊗a

N

Jν̃ from (H ⊗Hν) β⊗a

ν

(H ⊗Hν) onto (H ⊗Hν) a⊗γ
νo

(H ⊗Hν) with trivial values on
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elementary tensors. Moreover, for any Ξ ∈ H⊗Hν , ξ ∈ H , p ∈ Nν , analytic with respect
to ν, we have, using successively 2.2, (iii), and 4.3(i),

V3(I β⊗a

N

Jν̃)(Ξ β⊗a

ν

Ua
ν ((ξ ⊗ Λν(p))) = V3[IΞ a⊗γ

ν

(Ĵξ ⊗ JνΛν(p))]

= Ĵξ ⊗ a(σν−i/2(p
∗)))IΞ

= Ĵξ ⊗ Iβ(σνi/2(p))Ξ

= (Ĵ ⊗ I)V1[Ξ β⊗a

ν

Ua
ν (ξ ⊗ Λν(p))]. �

6.2. Theorem ([Ti2]). Let G be a locally compact quantum group, (N, a, â) a braided-
commutative G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N ,
and let G(N, a, â, ν) be the associated Hopf-bimodule, equipped with a co-inverse, a left-
invariant operator-valued weight and a right-invariant valued weight by 4.4(ii), 4.6 and

5.4. Let W̃ be the pseudo-mutiplicative unitary associated by 5.2. Then

W̃ = V ∗
3 (W

∗ ⊗ 1Hν)V1,

where V1 had been defined in 4.3 and V3 in 6.1. Moreover, for any ξ, η in H, p, q in Nν,

(id ∗ ωUa

ν (η⊗JνΛν(p)),ξ⊗Λν(q))(W̃ ) = a(q∗)[(ωη,ξ ⊗ id)(W ∗)⊗ 1Hν ]β(p
∗).

Proof. Let x, x1, x2 in Nν and y, y1, y2 in Nϕ̂. Then (y ⊗ 1)a(x), (y1 ⊗ 1Hν)a(x1),
(y2⊗ 1Hν)a(x2) belong to Nν̃ ∩NT

ã
, and by (2.2), Λν̃ [(y⊗ 1Hν )a(x)] = Λϕ̂(y)⊗Λν(x) and

Jν̃Λν̃ [(y ⊗ 1Hν)a(x)] = Ua
ν (ĴΛϕ̂(y)⊗ JνΛν(x))

Jν̃Λν̃ [a(x
∗
1)(y

∗
1y2 ⊗ 1Hν )a(x2)] = (1H ⊗ Jνx

∗
1Jν)U

a
ν [ĴΛϕ̂(y

∗
1y2)⊗ JνΛν(x2)].

By definition of W̃ (5.2), we find that for any Ξ1, Ξ2 in H ⊗Hν , the scalar product

(W̃ [Ξ2 β⊗a

ν

Jν̃Λν̃(a(x
∗
1)(y

∗
1y2 ⊗ 1Hν )a(x2))]|Ξ1 a⊗γ

νo
(Λϕ̂(y)⊗ Λν(x)))

is equal to

(Γ̃[(y ⊗ 1)a(x)]∗(Ξ2 β⊗a

ν

Ua
ν (ĴΛϕ̂(y2)⊗ JνΛν(x2))|Ξ1 β⊗a

ν

Ua
ν (ĴΛϕ̂(y1)⊗ JνΛν(x1)))).

Using 4.4, we get that this is equal to

((Γ̂o(y∗)⊗1Hν )V1[Ξ2β⊗a

ν

Ua
ν (ĴΛϕ̂(y2)⊗JνΛν(x2))]|V1[a(x)Ξ1β⊗a

ν

(Ua
ν (ĴΛϕ̂(y1)⊗JνΛν(x1))),

which, thanks to 4.3(i), is equal to

((Γ̂o(y∗)⊗ 1Hν )(ĴΛϕ̂(y2)⊗ β(x∗2)Ξ2)|ĴΛϕ̂(y1)⊗ β(x∗1)a(x)Ξ1)

and to

(β(x1)((ωĴΛϕ̂(y2),ĴΛϕ̂(y1)
⊗ id)(Γ̂o(y∗))⊗ 1Hν )β(x

∗
2)Ξ2|a(x)Ξ1) =

= (β(x1)((id⊗ ωĴΛϕ̂(y2),ĴΛϕ̂(y1)
)(Γ̂(y∗))⊗ 1Hν )β(x

∗
2)Ξ2|a(x)Ξ1),

which, by 2.1, is equal to

(β(x1)((id⊗ ωĴΛϕ̂(y
∗
1y2),Λϕ̂(y)

)(Ŵ )⊗ 1Hν)β(x
∗
2)Ξ2|a(x)Ξ1) =

= (β(x1)((ωĴΛϕ̂(y
∗
1y2),Λϕ̂(y)

⊗ id)(W ∗)⊗ 1Hν )β(x
∗
2)Ξ2|a(x)Ξ1),
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which is, using 4.3(i) and 6.1, equal to

((1H⊗β(x1))(W
∗⊗1Hν )V1(Ξ2β⊗a

ν

Ua
ν (ĴΛϕ̂(y

∗
1y2)⊗JνΛν(x2)))|V3(Ξ1 a⊗γ

νo
(Λϕ̂(y)⊗Λν(x)))),

which, using 3.8(iv), is the scalar product of the vector

W ∗
12(id⊗ β†)(ao(xo1))V1(Ξ2 β⊗a

ν

Ua
ν (ĴΛϕ̂(y

∗
1y2)⊗ JνΛν(x2)))

with V3(Ξ1 a⊗γ
νo

(Λϕ̂(y)⊗ Λν(x))). But, using 4.3(i), this vector is equal to

(W ∗ ⊗ 1Hν )V1[(1H ⊗ 1Hν) β⊗a

N

(1H ⊗ Jνx
∗
1Jν)](Ξ2 β⊗a

ν

Ua
ν (ĴΛϕ̂(y

∗
1y2)⊗ JνΛν(x2))).

Finally, we get that the initial scalar product

(W̃ [Ξ2 β⊗a

ν

Jν̃Λν̃(a(x
∗
1)(y

∗
1y2 ⊗ 1)a(x2))]|Ξ1 a⊗γ

νo
(Λϕ̂(y)⊗ Λν(x)))

is equal to

((W ∗ ⊗ 1Hν)V1[Ξ2 β⊗a

ν

Jν̃Λν̃(a(x
∗
1)(y

∗
1y2 ⊗ 1)a(x2))]|V3(Ξ1 a⊗γ

νo
(Λϕ̂(y)⊗ Λν(x)))).

By density of linear combinations of elements of the form Λϕ̂(y) ⊗ Λν(x) in D((H ⊗
Hν)γ, ν

o), and then of linear combinations of elements of the form Ξ1 a⊗γ
νo

(Λϕ̂(y)⊗Λν(x))

in (H ⊗Hν) a⊗γ
νo

(H ⊗Hν), we get that

W̃ [Ξ2β⊗a

ν

Jν̃Λν̃(a(x
∗
1)(y

∗
1y2⊗1)a(x2))] = V ∗

3 (W
∗⊗1Hν )V1[Ξ2β⊗a

ν

Jν̃Λν̃(a(x
∗
1)(y

∗
1y2⊗1)a(x2))],

and, with the same density arguments, we get that W̃ = V ∗
3 (W

∗ ⊗ 1Hν )V1. Therefore,
using again 4.3(i) and 6.1, we get that

(W̃ [Ξ2 β⊗a

ν

Ua
ν (η ⊗ JνΛν(p))]|Ξ1 a⊗γ

νo
(ξ ⊗ Λν(q))) =

= ((W ∗ ⊗ 1Hν)V1[Ξ2 β⊗a

ν

Ua
ν (η ⊗ JνΛν(p))]|V3[Ξ1 a⊗γ

νo
(ξ ⊗ Λν(q))])

is equal to

((W ∗ ⊗ 1Hν )(η ⊗ β(p∗)Ξ2)|ξ ⊗ a(p)Ξ1) = (((ωη,ξ ⊗ id)(W ∗)⊗ 1Hν)β(p
∗)Ξ2|a(p)Ξ1),

which finishes the proof. �

6.3. Theorem. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, and ν a normal faithful semi-finite weight on N such

that G(N, a, â, ν) is a measured quantum groupoid in the sense of 5.1. Let ̂G(N, a, â, ν)

be its dual measured quantum groupoid in the sense of 5.3, and for all X ∈ Ĝ⋉â N , let

I(X) = Ua
ν (U

â
ν )

∗XU â
ν (U

a
ν )

∗.

Then I is an isomorphism of Hopf bimodule structures from G(N, â, a, ν) onto ̂G(N, a, â, ν).

Proof. To prove this result, we calculate the pseudo-multplicative
˜̂
W of G(N, â, a, ν),

using 6.2 applied to (N, â, a, ν). We first define, as in 4.3(i) and 6.1, a unitary V̂1 from
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(H ⊗Hν) β̂⊗â

ν

(H ⊗Hν) onto H ⊗H ⊗Hν , and a unitary V̂3 from (H ⊗Hν) â⊗γ̂
νo

(H⊗Hν)

onto H ⊗H ⊗Hν , where, for all x ∈ N ,

β̂(x) = U â
ν (U

a
ν )

∗(1H ⊗ Jνx
∗Jν)U

a
ν (U

â
ν )

∗,

γ̂(x) = J˜̂ν â(x
∗)J˜̂ν = 1H ⊗ Jνx

∗Jν = γ(x),

˜̂ν denoting the dual weight on Ĝ ⋉â N as before. More precisely, applying 4.3(i) to
(N, â, a, ν), we get that for any ξ, η in H and p, q in Nν ,

V̂1(U
â
ν (U

a
ν )

∗
β̂⊗â

N

U â
ν (U

a
ν )

∗)σνo [U
a
ν (η ⊗ JνΛν(q)) a⊗γ

νo
(ξ ⊗ Λν(p))]

is equal to

V̂1[U
â
ν (U

a
ν )

∗(ξ ⊗ Λν(p)) β̂⊗â

ν

U â
ν (η ⊗ JνΛν(q))] = η ⊗ β̂(q∗)U â

ν (U
a
ν )

∗(ξ ⊗ Λν(p))

= η ⊗ U â
ν (U

a
ν )

∗(ξ ⊗ JνqJνΛν(p))

= (1H ⊗ U â
ν (U

a
ν )

∗)(η ⊗ ξ ⊗ pJνΛν(q))

On the other hand, using 6.1, we get that

V3[U
a
ν (η ⊗ JνΛν(q)) a⊗γ

νo
(ξ ⊗ Λν(p))] = ξ ⊗ a(p)Ua

ν (η ⊗ JνΛν(q))

= ξ ⊗ Ua
ν (η ⊗ pJνΛν(q))

= (1H ⊗ Ua
ν )(ξ ⊗ η ⊗ pJνΛν(q)),

from which we get that

V̂1(U
â
ν (U

a
ν )

∗
β̂⊗â

N

U â
ν (U

a
ν )

∗)σνo = (1H ⊗ U â
ν (U

a
ν )

∗)(σ ⊗ 1Hν )(1H ⊗ (Ua
ν )

∗)V3.

Applying this result to (N, â, a, ν) and taking the adjoints, we find that

V̂3(U
â
ν (U

a
ν )

∗
a⊗β
No

U â
ν (U

a
ν )

∗)σν = (1H ⊗ U â
ν )(σ ⊗ 1Hν)(1H ⊗ U â

ν (U
a
ν )

∗)V1.

Applying 6.2 to (N, â, a, ν), we get that
˜̂
W = V̂3

∗
(σ ⊗ 1Hν )(W ⊗ 1Hν)(σ ⊗ 1Hν)V̂1 and,

therefore, that σνo [U
a
ν (U

â
ν )

∗
â⊗γ
No

Ua
ν (U

â
ν )

∗]
˜̂
W [U â

ν (U
a
ν )

∗
γ⊗a

N

U â
ν (U

a
ν )

∗]σνo is equal to:

V ∗
1 (U

a
ν )23(U

â
ν )

∗
23(U

â
ν )

∗
13W12(U

â
ν )13(U

a
ν )

∗
13(U

a
ν )

∗
23V3

But, as (Γ̂ ⊗ id)(U â
ν ) = (U â

ν )23(U
â
ν )13, we get that (U â

ν )
∗
23(U

â
ν )

∗
13 = W12(U

â
ν )

∗
13W

∗
12, and

therefore that (U â
ν )

∗
23(U

â
ν )

∗
13W12(U

â
ν )13 =W12. On the other hand, by the same argument,

(Ua
ν )

∗
13(U

a
ν )

∗
23 = W ∗

12(U
a
ν )

∗
23W12. Finally, we get that

σνo [U
a
ν (U

â
ν )

∗
â⊗γ
No

Ua
ν (U

â
ν )

∗]
˜̂
W [U â

ν (U
a
ν )

∗
γ⊗a

N

U â
ν (U

a
ν )

∗]σνo = V ∗
1 W12V3 = W̃ ∗,

and therefore

[Ua
ν (U

â
ν )

∗
â⊗γ
No

Ua
ν (U

â
ν )

∗]
˜̂
W [U â

ν (U
a
ν )

∗
γ⊗a

N

U â
ν (U

a
ν )

∗] = σνW̃
∗σν .

So, up to the isomorphism, the pseudo-multiplicative unitary
˜̂
W of G(N, â, a, ν) is equal

to the dual pseudo-muliplicative untary
̂̃
W , which finishes the proof. �
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6.4. Proposition. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, and ν a normal faithful semi-finite weight on N . Sup-
pose that G(N, a, â, ν) is a measured quantum groupoid in the sense of 5.1, and let

Ĝ(N, a, â, ν) be its dual measured quantum groupoid in the sense of 5.3.

(i) The co-inverse R̃ constructed in 4.6(ii) is the canonical co-inverse of the mea-
sured quantum groupoid G(N, a, â, ν).

(ii) The isomorphim of Hopf bimodules from G(N, â, a, ν) onto Ĝ(N, a, â, ν) con-
structed in 6.3 exchanges the canonical co-inverses of these Hopf-bimodules.

Proof. (i) By 6.1(iv), V3(I β⊗a

N

Jν̃) = (Ĵ⊗I)V1. Taking adjoints, we also get V1(I a⊗γ
No

Jν̃) =

(Ĵ ⊗ I)V3. Therefore, we get, using 6.2 and 4.5(iii),

(I a⊗γ
No

Jν̃)W̃ (I a⊗γ
No

Jν̃) = (I a⊗γ
No

Jν̃)V
∗
3 (W

∗ ⊗ 1Hν)V1(I a⊗γ
No

Jν̃)

= V ∗
1 (Ĵ ⊗ I)(W ∗ ⊗ 1Hν)(Ĵ ⊗ I)V3

= V ∗
1 (W ⊗ 1Hν)V3

= W̃ ∗.

For all Ξ ∈ D(a(H ⊗Hν), ν) and Ξ′ ∈ D((H ⊗Hν)γ, ν
o), we therefore have

I(id ∗ ωΞ,Ξ′)(W̃ )∗I = (id ∗ ωJν̃Ξ′,Jν̃Ξ)(W̃ ),

which proves that the canonical co-inverse is given by R̃(X) = IX∗I for all X ∈ G⋉aN .

(ii) By 5.3, the canonical co-inverse of Ĝ(N, a, â, ν) is implemented by Jν̃ . Using (ii)
applied to G(N, â, a, ν), we therefore get that the canonical co-inverse of G(N, â, a, ν) is

implemented by Î = U â
ν (U

a
ν )

∗Jν̃U
a
ν (U

â)∗. �

6.5. Theorem. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, and ν a normal faithful semi-finite weight on N . Sup-

pose that G(N, a, â, ν) is a measured quantum groupoid in the sense of 5.1, let Ĝ(N, a, â, ν)
be its dual measured quantum groupoid in the sense of 5.3, and let I be the isomorphism
of Hopf bimodue structures constructed in 6.3. Then I exchanges the left-invariant and

the right-invariant operator-valued weights on G(N, â, a, ν) and Ĝ(N, a, â, ν). Therefore,
G(N, â, a, ν) is also a measured quantum groupoid.

Proof. Using 6.4(ii), it suffices to verify that I exchanges the left-invariant operator valued

weights, of G(N, â, a, ν) and Ĝ(N, a, â, ν). The left-invariant weight of G(N, â, a, ν) is the

dual weight ˜̂ν on the crossed product Ĝ ⋉â N . Let us denote by Φ̂ the left-invariant

weight of Ĝ(N, a, â, ν).
We apply 6.2 to G(N, â, a, ν) and get that, for any ξ in H , z ∈ Nϕ̂, p, q in Nν ,

(id ∗ ωU â

ν (ĴΛϕ̂(z)⊗JνΛν(p)),ξ⊗Λν(q)
)(
˜̂
W )(id ∗ ωU â

ν (ĴΛϕ̂(z)⊗JνΛν(p)),ξ⊗Λν(q)
)(
˜̂
W )∗

is equal to

â(q∗)[(id⊗ ωĴΛϕ̂(z),ξ
)(W )⊗ 1]β̂(pp∗)[(id⊗ ωĴΛϕ̂(z),ξ

)(W )∗ ⊗ 1]â(q),

where, as in 6.3,
˜̂
W denotes the pseudo-multiplicative unitary associated to G(N, â, a, ν),

and β̂ is defined, for x ∈ N , by β̂(x) = U â
ν (U

a
ν )

∗(1H ⊗ Jνx
∗Jν)U

a
ν (U

â
ν )

∗. Let us take now
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a family (pi)i∈I in M+
ν , increasing to 1. Then, we get that

â(q∗)[(id⊗ ωĴΛϕ̂(z),ξ
)(W )(id⊗ ωĴΛϕ̂(z),ξ

)(W )∗ ⊗ 1]â(q)

is the increasing limit of

(id ∗ ω
U â

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i )),ξ⊗Λν(q)

)(
˜̂
W )(id ∗ ω

U â

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i )),ξ⊗Λν(q)

)(
˜̂
W )∗.

But, using 6.3, we get that (id ∗ ω
U â

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i )),ξ⊗Λν(q)

)(
˜̂
W ) is equal to

I−1[(id ∗ ω
Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i )),Ua

ν (U
â

ν )
∗(ξ⊗Λν(q))

)(σνoW̃
∗σνo)] =

= I−1[(ω
Ua

ν (U
â

ν )
∗(ξ⊗Λν(q)),Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i ))

∗ id)(W̃ )∗].

Therefore, we get that Φ̂ ◦ I[â(q∗)[(id⊗ ωĴΛϕ̂(z),ξ
)(W )(id⊗ ωĴΛϕ̂(z),ξ

)(W )∗ ⊗ 1]â(q)] is the

increasing limit of

Φ̂[(ω
Ua

ν (U
â

ν )
∗(ξ⊗Λν(q)),Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i ))

∗id)(W̃ )∗(ω
Ua

ν (U
â

ν )
∗(ξ⊗Λν(q)),Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i ))

∗id)(W̃ )],

which, using 5.3, is equal, by definition, to the increasing limit of

‖ω
Ua

ν (U
â

ν )
∗(ξ⊗Λν(q)),Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i ))

‖2ν̃ .

For X ∈ Nν̃ , the scalar ω
Ua

ν (U
â

ν )
∗(ξ⊗Λν(q)),Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i ))

(X∗) is equal to

(X∗Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q))|U
a
ν (ĴΛϕ̂(z)⊗ JνΛν(p

1/2
i ))) =

= (Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q))|XJν̃Λν̃ [(z ⊗ 1)a(p
1/2
i )]) =

= (Ua
ν (U

â
ν )

∗(ξ ⊗ Λν(q))|Jν̃(z ⊗ 1)a(p
1/2
i )Jν̃Λν̃(X))

and, therefore,

‖ω
Ua

ν (U
â

ν )
∗(ξ⊗Λν(q)),Ua

ν (ĴΛϕ̂(z)⊗JνΛν(p
1/2
i ))

‖2ν̃ = ‖Jν̃a(p
1/2
i )(z∗ ⊗ 1)Jν̃U

a
ν (U

â
ν )

∗(ξ ⊗ Λν(q))‖
2.

The limit when pi goes to 1 is equal to

‖(Ĵz∗Ĵ ⊗ 1)(U â
ν )

∗(ξ ⊗ Λν(q))‖
2 = ‖(Ĵz∗Ĵ ⊗ 1)(ξ ⊗ Λν(q))‖

2

= ‖Ĵz∗Ĵξ‖2‖Λν(q)‖
2

= ‖ωξ,ĴΛϕ̂(z)
‖2ϕ̂‖Λν(q)‖

2

= ‖Λϕ[(id⊗ ωξ,ĴΛϕ̂(z))
(W ∗)]⊗ Λν(q)‖

2

= ‖Λ˜̂ν[((id⊗ ωξ,ĴΛϕ̂(z)
)(W ∗)⊗ 1Hν)â(q)]‖

2,

from which we get that

‖ΛΦ̂◦I([((id⊗ ωξ,ĴΛϕ̂(z)
)(W ∗)⊗ 1Hν)â(q)]‖

2 = ‖Λ˜̂ν [((id⊗ ωξ,ĴΛϕ̂(z)
)(W ∗)⊗ 1Hν)â(q)]‖

2,

which proves that the left-invariant weight Φ̂ ◦ I+ ˜̂ν is semi-finite. Using now ([L]5.2.2),
we get that there exists an invertible p ∈ N+, p ≤ 1, such that

(D˜̂ν : D(Φ̂ ◦ I+ ˜̂ν))t = β(p)it
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for all t ∈ R. So, β(p) is invariant under the modular group σ
˜̂ν (i.e. p is invariant under

γ) and we get that

2‖Λ˜̂ν [((id⊗ ωξ,ĴΛϕ̂(z)
)(W ∗)⊗ 1Hν )â(q)]‖

2 =

= ‖ΛΦ̂◦I+˜̂ν [((id⊗ ωξ,ĴΛϕ̂(z)
)(W ∗)⊗ 1Hν)â(q)]‖

2 =

= ‖J˜̂νβ(p
−1)J˜̂νΛ˜̂ν [((id⊗ ωξ,ĴΛϕ̂(z)

)(W ∗)⊗ 1Hν )â(q)]‖
2,

from which we get that p = 1/2, and ˜̂ν = 1/2(Φ̂ ◦ I+ ˜̂ν). Thus, ˜̂ν = Φ̂ ◦ I. �

6.6. Theorem. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, ν a normal faithful semi-finite weight on N . Let Dt be

the Radon-Nikodym derivative of the weight ν with respect to the action a and D̂t be the
Radon-Nikodym derivative of the weight ν with respect to the action â. Then the following
conditions are equivalent :

(i) G(N, a, â, ν) is a measured quantum groupoid;
(ii) G(N, â, a, ν) is a measured quantum groupoid;
(iii) (τtAd(δ

−it)⊗ γt)(Ds) = Ds for all s, t ∈ R;

(iv) (τ̂tAd(δ̂
−it)⊗ γ−t)(D̂s) = Ds for all s, t ∈ R.

Proof. By 6.5, we know that (i) implies (ii), and is therefore equivalent to (ii). Moreover,
by 5.9, we know that (i) is equivalent to (iii). Applying 5.9 to G(N, â, a, ν), we obtain
(iv), because the one-parameter group γ̂t is equal to γ−t. The proof that (iv) implies (ii) is
the same as in 5.9, where we use again that the one-parameter group γ̂t of N constructed
from the dual measured quantum groupoid is equal to γ−t (5.3). �

6.7. Corollary. Let G be a locally compact quantum group, (N, a, â) a braided-commu-
tative G-Yetter-Drinfel’d algebra, and ν a normal faithful semi-finite weight on N . If

the weight ν is k̂-invariant with respect to â, for k̂ affiliated to the center Z(M̂) or

k̂ = δ̂−1, then G(N, a, â, ν) is a measured quantum groupoid and its dual is isomorphic to
G(N, â, a, ν).

Proof. We verify easily property (iv) of 6.6, and then obtain the result by 6.6 and 6.5. �

7. Examples

In this chapter, we give several examples of measured quantum groupoids constructed
from a braided-commutative Yetter-Drinfel’d algebra. First, in 7.1, we show that usual
transformation groupoids are indeed a particular case of this construction, which justifies
the terminology. Other examples are constructed from quotient type co-ideals of compact
quantum groups, in particular one is constructed from the Podleś sphere S2

q (7.4.5).
Another example (7.5.1) is constructed from a normal closed subgroup H of a locally
compact group G.

7.1. Transformation Groupoid. Let us consider a locally compact group G right act-
ing on a locally compact space X ; let us denote a this action. It is well known that this
leads to a locally compact groupoid X x

a
G, usually called a transformation groupoid.

This groupoid is the set X×G, with X as set of units, and range and source applications
given by r(x, g) = x and s(x, g) = ag(x), the product being (x, g)(ag(x), h) = (x, gh),
and the inverse (x, g)−1 = (ag(x), g

−1) ([R] 1.2.a). This locally compact groupoid has a
left Haar system ([R] 2.5a), and for any measure ν on X , the lifted measure on X ×G is
ν ⊗ λ, where λ is the left Haar measure on G.
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The measure ν is then quasi-invariant in the sense of [R] and 4.2 if and only if ν ⊗ λ
is equivalent to its image under the inversion (x, g) → (x, g)−1. This is equivalent ([R],
3.21) to asking that, for all g ∈ G, the measure ν ◦ ag is equivalent to ν, which leads to

a Radon-Nikodym ∆(x, g) =
dν◦ag−1

dν
(x). Then, the Radon-Nikodym derivative between

ν ⊗ λ and its image under the inversion (x, g) → (x, g)−1 is ∆(x, g)∆G(g), where ∆G is
the modulus of G.

Let us consider the trivial action of the dual locally compact quantum group Ĝ, defined
by ι(f) = 1⊗ f for all f ∈ L∞(X). It is straightforward to verify that (L∞(X), a, ι) is a
G-Yetter-Drinfel’d algebra which is braided-commutative. The measure ν, regarded as a
normal semi-finite faithful weight on L∞(X), is evidently invariant under ι. So, by 6.7,
we obtain measured quantum groupoid structures on the crossed products G⋉a L

∞(X)

and Ĝ⋉ι L
∞(X).

The von Neumann algebra Ĝ ⋉ι L
∞(X) is L∞(G) ⊗ L∞(X), or L∞(X x

a
G), and

the structure of measured quantum groupoid is nothing but the structure given by the
groupoid structure of X x

a
G.

The dual measured quantum groupoid X̂ x
a
G is the von Neumann algebra generated

by the left regular representation ofX x
a
G, which is the crossed productG⋉aL

∞(X). Let

us note that this measured quantum grouped is co-commutative, in particular, β = a and
γt = σνt = idL∞(X,ν) for all t ∈ R. As τt = Ad(∆it

G) = idL∞(G), we see that Dt = ∆(x, g)it

satisfies the condition of 6.6. Moreover, D̂t = 1 for all t ∈ R.
Therefore, we get that any transformation groupoid gives a very particular case of our

“measured quantum transformation groupoids”, which explains the terminology.

7.2. Basic example. Let G = (M,Γ, ϕ, ϕ ◦ R) be a locally compact quantum group,
D(G) its quantum double, and let us use the notation introduced in 2.4.5. There exists
an action aD of D(G) on M such that

aD(x)⊗ 1 = ΓD(x⊗ 1).

The Yetter-Drinfel’d algebra associated to this action is given by the restrictions of the

applications b and b̂ to M , which are, respectively, the coproduct Γ (when considered as

a left action of G on M), and the adjoint action ad of Ĝ on M given by

ad(x) = σW (x⊗ 1)W ∗σ = Ŵ ∗(1⊗ x)Ŵ ,(4)

and we get this way the Yetter-Drinfel’d algebra (M,Γ, ad), which is the basic example
given in [NV]. Moreover, as

ςΓ(x) = ((R⊗ R) ◦ Γ ◦R)(x) = (Ĵ ⊗ Ĵ)W ∗(Ĵ ⊗ Ĵ)(1⊗ x)(Ĵ ⊗ Ĵ)W (Ĵ ⊗ Ĵ),(5)

we get that that

ςαo(xo) = (JĴ ⊗ 1)W ∗(1⊗ ĴxĴ)W (ĴJ ⊗ 1) = (J ⊗ J)W (1⊗ JĴxĴJ)W ∗(J ⊗ J)

(where we prefer to note α the left action Γ to avoid confusion between αo defined in
2.5.1 and the coproduct Γo of the locally compact quantum group Go). But

ς ado(xo) = (J ⊗ J)W (x⊗ 1)W ∗(J ⊗ J)

from which we get that this Yetter-Drinfel’d algebra is braided-commutative.
As ϕ is invariant under Γ, using 5.9, we can equip the crossed products G ⋉Γ M and

Ĝ⋉ad M with structures of measured quantum groupoids.
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Let us describe Ĝ⋉adM in more detail. We claim that the map Φ := Ad((JĴ ⊗ 1)Ŵ )

identifies Ĝ ⋉ad M with M ′ ⊗M . Indeed, the first algebra is generated by elements of
the form (z ⊗ 1) ad(x) and x, z ∈M , and

Ad(Ŵ )[(z ⊗ 1) ad(x)] = Γo(z)(1⊗ x) = Ad(σ)(Γ(z)(x⊗ 1)).

But elements of the form Γ(z)(x ⊗ 1) generate M ⊗M , and as Ad(JĴ)(M) = M ′, the
assertion follows. We just saw that Φ(ad(x)) = 1⊗x, and we claim that Φ(β(x)) = xo⊗1.

Using (4) and the fact that Ŵ ∗ is a cocycle for the trivial action of Ĝ on M , we get ([V]
4.2)

Uad
φ = Ŵ ∗(J ⊗ J)Ŵ (J ⊗ J)

and therefore, using the relations (J ⊗ Ĵ)Ŵ ∗(J ⊗ Ĵ) = Ŵ and Γ ◦R = (R⊗R) ◦Γo (2.1),

Φ(β(x)) = Ad((JĴ ⊗ 1)ŴUad
φ (Ĵ ⊗ J))[Γ(x)]

= Ad((JĴ ⊗ 1)(J ⊗ J)Ŵ (J ⊗ J)(Ĵ ⊗ J))[Γ(x)]

= Ad((Ĵ ⊗ J)Ŵ (JĴ ⊗ Ĵ Ĵ))[Γ(x)]

= Ad((ĴJ ⊗ JĴ)Ŵ ∗)[Γo(R(x))]

= Ad((ĴJ ⊗ JĴ))[R(x)⊗ 1]

= xo ⊗ 1.

Therefore, Φ defines an isomorphism between G(M, ad,Γ, φ) and the pair quantum
groupoid M ′ ⊗M of Lesieur ([L] 15), and induces an isomorphism between the respec-
tive duals, which are (isomorphic to) G(M,Γ, ad, φ) and the dual pair quantum groupoid
B(H) constructed in ([L] 15.3.7), respectively.

7.3. Quantum Measured groupoid associated to an action. Let us apply 7.2 to

Ĝo. We obtain that (M̂, Γ̂o, ad) is a Ĝo-Yetter-Drinfel’d algebra, where ad means here
ad(x) = W c∗(1 ⊗ x)W c. As noticed by ([NV], 3.1), we can extend this example to any
crossed-product G⋉aN , where a is a left action of G on a von Neumann algebra N . Let
us recall this construction. For any X ∈ G⋉a N, the dual action ã is given by

ã(X) = (Ŵ o∗ ⊗ 1)(1⊗X)(Ŵ o ⊗ 1).

Let us also write

ad(X) = (W c∗ ⊗ 1)(1⊗X)(W c ⊗ 1).

We first show that this formula defines an action ad of Go on G⋉aN. If X = y⊗1, with

y ∈ M̂ , we get that ad(1⊗ y) = ad(y)⊗ 1, which belongs to M ′ ⊗G⋉a N. If X = a(x),
with x ∈ N , we get that ad(a(x)) = (W c∗ ⊗ 1)(1 ⊗ a(x))(W c ⊗ 1), which belongs to
M ′ ⊗G⋉a N ; moreover, the properties of W c∗ give then that ad is an action.

To prove that (G⋉aN, ã, ad) is a Ĝo-Yetter-Drinfel’d algebra, we have to check that,

for any X ∈ Ĝo,

Ad(σ12Ŵ
o
12)(id⊗ ad)ã(X) = (id⊗ ã)ad(X).

To check that, it suffices to prove that σ12Ŵ
o
12W

c∗
23Ŵ

o∗
13 = Ŵ o∗

23W
c
13, which follows from

Ŵ o = σW c∗σ and the pentagonal relation for W c.
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7.3.1. Proposition. Let a an action of a locally compact quantum group G on a von
Neumann algebra N and let B = G⋉a N ∩ a(N)′. Then the formulas

b(X) = (Ŵ o∗ ⊗ 1)(1⊗X)(Ŵ o ⊗ 1),

b̂(X) = (W c∗ ⊗ 1)(1⊗X)(W c ⊗ 1)

define actions b and b̂ of Ĝo and Gc, respectively, on B and (B, b, b̂) is a braided-
commutative Yetter-Drinfel’d algebra.

Proof. As ã(a(x)) = 1 ⊗ a(x), for all x ∈ N , we get that b is an action of Ĝo on
B = G⋉aN ∩ a(N)′.

To prove a similar result for b̂, we need to make a detour via the inclusion a(N) ⊂
G⋉a N which is depth 2 ([V] 5.10). Let ν be a normal faithful semi-finite weight on N ,
and ν̃ its dual weight on G⋉aN . Then, we have

Jν̂a(N)′Jν̂ = (Ĵ ⊗ Jν)(U
a
ν )

∗a(N)′Ua
ν (Ĵ ⊗ Jν)

= (Ĵ ⊗ Jν)(B(H)⊗N ′)(Ĵ ⊗ Jν) = B(H)⊗N

and therefore B(H)⊗N ∩ (G⋉aN)′ = Jν̃BJν̃ .
Moreover ([V], 2.6 (ii)), we have an isomorphism Φ from B(H)⊗N with Go⋉ãG⋉aN

which sends G⋉aN onto ã(G⋉aN). Via this isomorphism, the bidual action ˜̃a of Goc on

Go⋉ãG⋉aN gives an action γ of G on B(Hν)⊗N . As ˜̃a is invariant on ã(G⋉aN), γ is
invariant on G⋉aN , and its restriction to Jν̃BJν̃ defines an action of G on Jν̃BJν̃ , and,
thanks to this restriction, we can define an action of Gc on B. Let’s have a closer look
at this last action: γ is given, for any X ∈ B(H)⊗N , by ([V], 2.6 (iii))

γ(X) = W o
12(ς ⊗ id)(id⊗ a)(X)W o∗

12 = Ad[W o
12(U

a
ν )13](X23).

So, the opposite action of its restriction to Jν̃BJν̃ will be implemented by

(J ⊗ Jν̃)W
o
12(U

a
ν )13(Ĵ ⊗ Jν̃) = (Ua

ν )23(J ⊗ Ĵ ⊗ Jν)W
o
12(U

a
ν )13(Ĵ ⊗ Ĵ ⊗ Jν)(U

a
ν )

∗
23

= (Ua
ν )23(J ⊗ Ĵ ⊗ Jν)W

o
12(Ĵ ⊗ Ĵ ⊗ Jν)(U

a
ν )

∗
13(U

a
ν )

∗
23

= (JĴ)1(U
a
ν )23W12(U

a
ν )

∗
13(U

a
ν )

∗
23

= (JĴ)1W12

So, we get an action of Gc on B given by z 7→ Ad((JĴ)1W12)(1 ⊗ z) = W c∗(1 ⊗ z)W c,

which is b̂. Thus, b̂ is an action of Gc on B, and, by restriction of (G⋉aN, ã, ad), we

have obtained that (B, b, b̂) is a Ĝo-Yetter-Drinfel’d algebra. Let’s now prove that it

is braided-commutative. Let us write J(x) = JĴxĴJ for any x ∈ M ′. We get that

(J ⊗ id)b̂(B) is included in M ⊗ B, and, therefore, commutes with 1 ⊗ a(N). On the

other hand, we get that (J ⊗ id)(b̂(B)) = (W ⊗ 1)(1 ⊗ B)(W ∗ ⊗ 1) commutes with

(W ∗ ⊗ 1)(M̂ ⊗ 1 ⊗ 1)(W ⊗ 1) = Γ̂o(M̂) ⊗ 1. Therefore, we get that (J ⊗ id)(b̂(B))
commutes with ã(G⋉aN), and, therefore, with b(B). This finishes the proof. �

Applying now 4.4 to this braided-commutative Yetter-Drinfel’d algebra, we recover the
Hopf-bimodule introduced in ([E2], 14.1)
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7.3.2. Theorem. Let a an action of a locally compact quantum group G on a von Neu-

mann algebra N , let B = G⋉aN ∩ a(N)′, let b (resp. b̂) be the action of Ĝo (resp.
Gc) on B introduced in 7.3.1, and suppose that there exists a normal semi-finite faithful

weight χ on B, invariant under the modular group σTâ. Then, G(B, b, b̂, χ) is a measured
quantum groupoid, which is equal to the measured quantum groupoid G(a) introduced in
([E2], 14.2)

Proof. With the hypotheses, the measured quantum groupoidG(a) is constructed in ([E2],
14.2); so, we get that the Hopf-bimodule constructed in 7.3.1 is a measured quantum

groupoid. So, we may apply 5.9 to get that G(B, b, b̂, χ) is measured quantum groupoid
equal to G(a). �

7.3.3. Theorem. Let (N, a, â) be a G-Yetter-Drinfel’d algebra with a norm faithful semi-
finite weight ν on N satisfying the conditions of 5.9, which allow us to construct the
measured quantum groupoid G(N, a, â, ν). Suppose that β(N) = G⋉a N ∩ a(N)′. Then,
the weight νo ◦ β−1 on β(N) allows us to define the measured quantum groupoid G(a),
which is canonically isomorphic to G(No, âo, ao, νo).

Proof. We have, for all x ∈ N and t ∈ R, σTãt (β(x)) = β(γt(x)). As ν ◦ γt = ν, we get
that the weight νo ◦ β−1 on β(N) allows us to define the measured quantum groupoid

G(a). Moreover, the dual action ã of Ĝo on G⋉a N satisfies, for all x ∈ N , by 4.4(iii),

ã(β(n)) = (id⊗ β†)(âo(xo)),

which gives that β† is an isomorphism between ã|β(N) = b and âo. So, the result follows.
�

We are indebted to the referee who suggested us to look at the relation betwen the
construction made in ([E2], 14.2) and the measured quantum transformation groupoids
considered in this article.

7.4. Quotient type co-ideals.

7.4.1. Definitions. Let G = (M,Γ, ϕ, ϕ◦R) and G1 = (M1,Γ1, ϕ1, ϕ1◦R1) be two locally
compact quantum groups. Following [K], a morphism from G on G1 is a non-degenerate
strict ∗-homomorphism Φ from Cu

0 (G) on the multipliers M(Cu
0 (G1)) (which means that

Φ extends to a unital ∗-homomorphism on M(Cu
0 (G))) such that Γ1,u ◦ Φ = (Φ⊗ Φ)Γu,

where Γ1,u denotes the coproduct of Cu
0 (G1). In ([K], 10.3 and 10.8), it was shown that a

morphism is equivalently given by a right action Γr of G1 on M satisfying, in addition to
the action condition (id⊗ Γ)Γr = (Γr ⊗ id)Γr, also the relation (Γ⊗ id)Γr = (id⊗ Γr)Γ.
The morphism Φ and the action Γr are related by the formula

Γr(πG(x)) = (πG ⊗ πG1 ◦ Φ)Γu(x) for all x ∈ Cu
0 (G).

We get as well a left action Γl of G1 on M such that (id ⊗ Γl)Γl = (Γ1 ⊗ id)Γl and
(id⊗ Γ)Γl = (Γl ⊗ id)Γ.

Following ([DKSS], th. 3.6), we shall say that G1 is a closed quantum subgroup of G in
the sense of Woronowicz, if, in the situation above, the ∗-homomorphism Φ is surjective.
In ([DKSS], 3.3), G1 is called a closed quantum subgroup of G in the sense of Vaes if there

exists an injective ∗-momomorphism γ from M̂1 into M̂ such that Γ̂ ◦ γ = (γ ⊗ γ) ◦ Γ̂1.
Moreover, any closed quantum subgroup of G in the sense of Vaes is a closed quantum
subgroup in the sense of Woronowicz ([DKSS], 3.5), and if G1 is (the von Neumann
version of) a compact quantum group, then the two notions are equivalent ([DKSS], 6.1).
It is also remarked that if G is (the von Neumann version of) a compact quantum group,
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then any closed quantum subgroup of G is also (the von Neumann version of) a compact
quantum group.

7.4.2. Proposition. Let G = (M,Γ, ϕ, ϕ◦R) and G1 = (M1,Γ1, ϕ1, ϕ1◦R1) be two locally
compact quantum groups and Φ a surjective morphism from G to G1 in the sense of 7.4.1.
Let Γr be the right action of G1 on M defined in 7.4.1, and let N = MΓr = {x ∈ M :
Γr(x) = x⊗ 1}. Then:

(i) Γ|N is a left action of G on N .

(ii) ad|N is a left action of Ĝ on N .
(iii) (N,Γ|N , ad|N) is a braided-commutative G-Yetter-Drinfel’d algebra.
(iv) Let Γl be the left action of G1 on M defined in 7.4.1. Then its invariant algebra

MΓl is equal to R(N), which is a right co-ideal of G.

In the situation above, we call N a quotient type left co-ideal of G.

Proof. (i) Since (id ⊗ Γr)Γ = (Γ ⊗ id)Γr by construction, we get that for every x in
N =MΓr , the coproduct Γ(x) belongs to M ⊗N .

(ii) By ([K] 6.6), there exists a unique unitary U ∈ M(Cu
0 (G) ⊗ Cr

0(Ĝ)) such that
(Γu ⊗ id)(U) = U13U23 and (πG ⊗ id)(U) = W , where Γu denotes the comultiplication

on Cu
0 (G). Let Û = ς(U∗) ∈ M(Cr

0(Ĝ) ⊗ Cu
0 (G)) and x ∈ Cu

0 (G). Then ad(πG(x)) =

(id⊗ πG)(Û
∗(1⊗ x)Û), and using the relation (id⊗ Γu)(Û

∗) = Û∗
12Û

∗
13, we find

(id⊗ Γr)(ad(πG(x))) = (id⊗ πG ⊗ πG1Φ)((id⊗ Γu)(Û
∗(1⊗ x)Û))

= (id⊗ πG ⊗ πG1Φ)(Û
∗
12Û

∗
13(1⊗ Γu(x))Û13Û12)

= Ŵ ∗
12Ũ

∗
13(1⊗ Γr(πG(x)))Ũ13Ŵ12,

where Ũ = (id⊗ πG1Φ)(V ). By continuity, we get that for any y ∈ N ,

(id⊗ Γr)(ad(y)) = Ŵ ∗
12Ũ

∗
13(1⊗ y ⊗ 1)Ũ13Ŵ12 = ad(y)⊗ 1,

showing that ad(y) ∈ M̂ ⊗N .
(iii) This follows immediately from 2.4.
(iv) This follows easily from the fact that the unitary antipode reverses the comultipli-

cation. �

7.4.3.Theorem. Let G = (M,Γ, ϕ, ϕ◦R) be a locally compact quantum group and (A1,Γ1)
a compact quantum group which is a closed quantum subgroup in the sense of 7.4, and
denote by N the quotient type co-ideal defined by this closed subgroup, as defined in 7.4.2.
Then, the restriction of the weight ϕ◦R to N is semi-finite and δ−1-invariant with respect
to the action Γ|N . Therefore, G(N,Γ|N , ad|N , ϕ ◦ R|N) and G(N, ad|N ,Γ|N , ϕ ◦ R|N) are
measured quantum groupoids, dual to each other.

Proof. The formula E = (id ⊗ ω1) ◦ Γr, where ω1 is the Haar state of (A1,Γ1), and Γr
is the right action of (A1,Γ1) on M defined in 7.4, defines a normal faithful conditional
expectation from M onto N =MΓr .

By definition of Γr (7.4.1), and using the right-invariance of ϕ ◦R ◦ πG with respect to
the coproduct Γu of Cu

0 (G), we get that for any y ∈ Cu
0 (G), with the notations of 7.4.1,

ϕ ◦R ◦ E(πG(y)) = (ϕ ◦R⊗ ω1)Γr(π(y))

= (ϕ ◦R ◦ πG ⊗ ω1 ◦ πG1 ◦ Φ)Γu(y)

= (ϕ ◦R ◦ πG)(y)(ω1 ◦ πG ◦ Φ)(1)

= (ϕ ◦R ◦ πG)(y).
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Therefore, ϕ ◦ R ◦ E(x) = ϕ ◦R(x) for all x ∈ Cr
0(G), and, by continuity, for all x ∈ M ,

which gives that this conditional expectation E is invariant under ϕ ◦ R. Moreover, we
get that ϕ ◦R|N is semi-finite and σϕ◦Rt ◦ E = E ◦ σϕ◦Rt .

This weight ϕ ◦R|N is clearly δ−1-invariant with respect to Γ|N . The result comes then
from 5.9 and 6.5. �

7.4.4. Corollary. Let (A,Γ) be a compact quantum group, ω its Haar state (which we
can suppose to be faithful) and let G = (πω(A)

′′,Γ, ω, ω) be the von Neumann version
of (A,Γ) (2.1). Let N be a sub-von Neumann algebra N of πω(A)

′′. Then the following
conditions are equivalent:

(i) Γ|N is a left action of G on N and ad|N is a left action of Ĝ on N .
(ii) There exists a quantum compact subgroup of (A,Γ) such that N is the quotient

type co-ideal of G constructed from this quantum compact subgroup.

If (i) and (ii) hold, then the crossed products G⋉Γ|N
N and Ĝ⋉ad|N

N carry mutually dual

structures of measured quantum groupoids G(N,Γ|N , ad|N , ω|N) and G(N, ad|N ,Γ|N , ω|N),
respectively.

Proof. The fact that (ii) implies (i) is given by 7.4. Suppose (i). Then N is, by 7.4.2,
a quotient type co-ideal of G, which is defined as the invariants by a right action Γr of
a closed quantum subgroup of G, which is (7.4.1) a compact quantum group (A1,Γ1).
Denote its Haar state by ω1. Then Γr(A) ⊂ A ⊗ A1, and the conditional expectation
E = (id ⊗ ω1)Γr which sends πω(A)

′′ onto N , sends A onto A ∩ N . From this it is easy
to get that A ∩ N is weakly dense in N . But N ∩ A is a sub-C∗-algebra of A which is
invariant under Γ and ad; therefore, using ([NY], Th. 3.1), we get (ii). If these conditions
hold, we can apply 7.4.3. �

7.4.5. Example of a measured quantum groupoid constructed from a quotient
type coideal of a compact quantum group. Let us take the compact quantum
group SUq(2) ([W2]), which is the C∗-algebra generated by elements α and γ satisfying
the relations

α∗α + γ∗γ = 1, αα∗ + q2γγ∗ = 1,

γγ∗ = γ∗γ, qγα = αγ, qγ∗α = αγ∗.

The circle group T appears as a closed quantum subgroup via the morphism Φ from
Cu

0 (SUq(2)) to Cu
0 (T) = C0(T) given by Φ(α) = 0 and Φ(γ) = id. Then we obtain

the Podleś sphere S2
q as a quotient type coideal from this map ([P]), and mutually dual

structures of measured quantum groupoids G(S2
q ,Γ|S2

q
, ad|S2

q
, ω|S2

q
) on SUq(2)⋉Γ

|S2
q
S2
q and

G(S2
q , ad|S2

q
,Γ|S2

q
, ω|S2

q
) on ŜUq(2)⋉ad

|S2
q
S2
q , respectively.

7.4.6. Further examples. Here we quickly give examples of situations in which the
hypothesis of 7.4.3 are fulfilled.

Let us consider the (non-compact) quantum group Eq(2) constructed by Woronowicz
in [W3]. In ([J], 2.8.36) is proved that the circle group T is a closed quantum subgroup
of Eq(2).

In [VV2] is constructed the cocycle bicrossed product of two locally compact quantum

groups (M1,Γ1) and (M2,Γ2), and it is proved ([VV2], 3.5) that (M̂1, Γ̂1) is a closed
subgroup (in the sense of Vaes) of (M,Γ). So, if (M1,Γ1) is a discrete quantum group,

then (M̂1, Γ̂1) is the von Neumann version of a compact quantum group which is a closed
quantum subgroup of (M,Γ).
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7.5. Another example.

7.5.1. Theorem. Let G be a locally compact group and H a closed normal subgroup of
G. Then:

(i) The von Neumann algebra L(H), which can be considered as a sub-von Neumann
algebra of L(G), is invariant under the coproduct ΓG of L(G), considered as a

right action of the locally compact quantum group Ĝ on L(G), and under the
adjoint action ad of G on L(G). Therefore, (L(H),ΓG|L(H), ad|L(H)) is a braided-

commutative Ĝ-Yetter-Drinfel’d algebra, which is a subalgebra of the canonical
example (L(G),ΓG, ad) described in 7.2.

(ii) The Plancherel weight ϕH on L(H) satisfies the conditions of 5.9, and the crossed

product Ĝ ⋉ΓG|L(H)
L(H) (which is isomorphic to (L(H) ∪ L∞(G))′′) carries a

structure of measured quantum groupoid G(L(H),ΓG|L(H), ad|L(H), ϕH) over the
basis L(H).

Proof. (i) Let λG (resp. λH) be the left regular representation of G (resp. H). It is
well known that the application which sends λH(s) to λG(s), where s ∈ H , extends to
an injection from L(H) into L(G), which will send the coproduct ΓH of L(H) on the
coproduct ΓG of L(G). Let us identify L(H) with this sub-von Neumann algebra of L(G).
Then for all x ∈ L(H),

ΓG(x) = ΓH(x) ∈ L(H)⊗ L(H) ⊂ L(G)⊗ L(H),

so that the coproduct, considered as a right action of Ĝ on L(G), gives also a right action

of Ĝ on L(H).
LetWG be the fundamental unitary of G, which belongs to L∞(G)⊗L(G). The adjoint

action of G on L(G) is given, for x ∈ L(G) by ad(x) = W ∗
G(1 ⊗ x)WG, and is therefore

the function on G given by s 7→ λG(s)xλG(s)
∗. Hence, if t ∈ H , we get that ad(λH(s))

is the function s 7→ λG(sts
−1). As H is normal, sts−1 belongs to H , and this function

takes its values in L(H). By density, we get that for any x ∈ L(H), ad(x) belongs to
L∞(G) ⊗ L(H), and, therefore, the restriction of the adjoint action of G to L(H) is an
action of G on L(H).

(ii) The Haar weight ϕH is invariant under ΓG|L(H) because (id⊗ ϕH)(ΓG(x)) = (id⊗
ϕH)(ΓH(x)) = ϕH(x)1 for all x ∈ L(H)+. We can therefore apply 5.9 to that braided-
commutative Yetter-Drinfel’d algebra, equipped with this relatively invariant weight, and
get (ii). Let us remark that Ĝ⋉ΓG|L(H)

L(H) is equal to (ΓG(L(H)) ∪ L∞(G)⊗ 1L2(G))
′′

which we can write:

((J ⊗ J)W ∗
G(J ⊗ J)(L(H)⊗ 1L2(G))(J ⊗ J)WG(J ⊗ J) ∪ L∞(G)⊗ 1L2(G))

′′

which is clearly isomorphic to (L(H) ∪ L∞(G))′′. �

7.5.2. Remark. Let us take again the hypotheses of 7.5.1, in the particular case where

G is abelian. Then Ĝ (resp. Ĥ) is a commutative locally compact group, and we have

constructed a right action of Ĝ on the set Ĥ , which leads to a transformation groupoid

Ĥ x Ĝ. Then, the measured quantum groupoid constructed in 7.5.1(ii) is just the dual
of this transformation groupoid.

8. Quotient type co-ideals and Morita equivalence

In this chapter, we show that, in the case of a quotient type co-ideal N of a compact

quantum group G, the measured quantum groupoid Ĝ ⋉ad |N N is Morita equivalent to
the quantum subgroup G1 (8.3).
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8.1. Definitions of actions of a measured quantum groupoid and Morita equiv-
alence.

8.1.1. Definition. ([E5] 2.4) Let G = (N,M, α, β,Γ, T, T ′, ν) be a measured quantum
groupoid, and let A be a von Neumann algebra.

A right action of G on A is a couple (b, a), where:
(i) b is an injective anti-∗-homomorphism from N into A;
(ii) a is an injective ∗-homomorphism from A into A b∗α

N
M ;

(iii) b and a satisfy
a(b(n)) = 1 b⊗α

N
β(n) for all n ∈ N,

which allow us to define a b∗α
N

id from A b∗α
N
M into A b∗α

N
M β∗α

N

M , and

(a b∗α
N

id)a = (id b∗α
N

Γ)a.

If there is no ambiguity, we shall say that a is the right action.
So, a measured quantum groupoid G can act only on a von Neumann algebra A which

is a right module over the basis N .
Moreover, ifM is abelian, then a(b(n)) = 1 b⊗α

N
β(n) commutes with a(x) for all n ∈ N

and x ∈ A, so that b(N) is in the center of A. As in that case (5.1) the measured quantum
groupoid comes from a measured groupoid G, we have N = L∞(G(0), ν), and A can be
decomposed as A =

∫
G(0) A

xdν(x).
The invariant subalgebra Aa is defined by

Aa = {x ∈ A ∩ b(N)′ : a(x) = x b⊗α
N

1}.

As Aa ⊂ b(N)′, A (and L2(A)) is a Aa-No-bimodule. If Aa = C, the action (b, a) (or,
simply a) is called ergodic.

Let us write, for any x ∈ A+, Ta(x) = (id b∗α
ν

Φ)a(x). This formula defines a normal

faithful operator-valued weight from A onto Aa, and the action a will be called integrable
if Ta is semi-finite ([E4], 6.11, 12, 13 and 14).

The crossed product of A by G via the action a is the von Neumann algebra generated

by a(A) and 1 b⊗α
N

M̂ ′ ([E2], 9.1) and is denoted by A ⋊a G. There exists ([E2], 9.3) an

integrable dual action (1 b⊗α
N

α̂, ã) of (Ĝ)c on A⋊a G.

We have (A ⋊a G)ã = a(A) ([E2] 11.5), and, therefore, the normal faithful semi-finite
operator-valued weight Tã sends A ⋊a G onto a(A). Starting with a normal semi-finite

weight ψ on A, we can thus construct a dual weight ψ̃ on A ⋊a G by the formula ψ̃ =
ψ ◦ a−1 ◦ Tã ([E4] 13.2).

Moreover ([E2] 13.3), the linear set generated by all the elements (1 b⊗α
N

a)a(x), where

x ∈ Nψ and a ∈ NΦ̂c ∩NT̂ c, is a core for Λψ̃, and one can identify the GNS representation

of A ⋊a G associated to the weight ψ̃ with the natural representation on Hψ b⊗α
ν
H by

writing
Λψ̃[(1 b⊗α

N
a)a(x)] = Λψ(x) b⊗α

ν
ΛΦ̂c(a),

which leads to the identification of Hψ̃ with Hψ b⊗α
ν
H .

Let us suppose now that the action a is integrable. Let ψ0 be a normal semi-finite
weight on Aa, and let us write ψ1 = ψ0 ◦ Ta. If we write V = Jψ̃1

(Jψ1 a⊗β
No

JΦ̂), we
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get a representation of G which implements a and which we shall call the standard
implementation of a ([E5], 3.2 and [E4] 8.6).

Moreover, there exists then a canonical isometry G from Hψ1 s⊗r
ψ0

Hψ1 into Hψ1 b⊗α
ν
H

such that, for any x ∈ NTa ∩Nψ1 , ζ ∈ D((Hψ1)b, ν
o) and e in NΦ,

(1 b⊗α
N

JΦeJΦ)G(Λψ1(x) s⊗r
ψ0

ζ) = a(x)(ζ b⊗α
ν
JΦΛΦ(e)),

where r is the canonical injection of Aa into A, and s(x) = Jψ1x
∗Jψ1 for all x ∈ Aa. There

exists a surjective ∗-homomorphism πa from the crossed product (A ⋊a G) onto s(Aa)′,
defined, for all X in A⋊aG by πa(X) s⊗r

Aa

1 = G∗XG. It should be noted that this algebra

s(Aa)′ is the basic construction for the inclusion Aa ⊆ A. ([E5], 3.6) If the operator G is
unitary (or, equivalently, the ∗-homomorphism πa is an isomorphism), then the action a

is called a Galois action ([E5] 3.11) and the unitary G̃ = σνG its Galois unitary.

8.1.2. Definition. ([E4] 6.1) A left action of G on a von Neumann algebra A is a couple
(a, b), where

(i) a is an injective *-homomorphism from N into A;
(ii) b is an injective ∗-homomorphism from A into M β∗a

N

A;

(iii) b(a(n)) = α(n) β⊗a
N

1 for all n ∈ N , and (id β∗a
N

b)b = (Γ β∗a
N

id)b.

Then, it is clear that (a, ςNb) is a right action of Go on A. Conversely, if (b, a) is a left
action of G on A, then, (b, ςNa) is a left action of Go on A.

The invariant subalgebra Ab is defined by

Ab = {x ∈ A ∩ a(N)′ : b(x) = 1 β⊗a
N

x},

and Tb = (Φ◦R β∗a
ν

id)b is a normal faithful operator-valued weight from A onto Ab. The

action b will be called integrable if Tb is semi-finite. It is clear that b is integrable if and
only if ςNb is integrable, and Galois if and only if ςNb is Galois.

8.1.3. Definition. ([E5] 2.4) Let (b, a) be a right action ofG1 = (N1,M1, α1, β1,Γ1, T1, T
′
1, ν1)

on a von Neumann algebra A and (a, b) a left action of G2 = (N2,M2, α2, β2,Γ2, T2, T
′
2, ν2)

on A such that a(N2) ⊂ b(N1)
′ We shall say that the actions a and b commute if

b(N1) ⊆ Ab, a(N2) ⊆ Aa, (b b∗α1
N1

id)a = (id β2∗a
N2

a)b.

Let us remark that the first two properties allow us to write the fiber products b b∗α1
N1

id

and id β2∗a
N2

a.

8.1.4. Definition. ([E5] 6.5) For i = 1, 2, letGi = (Ni,Mi, αi, βi, Ti, T
′
i , νi) be a measured

quantum groupoid. We shall say that G1 is Morita equivalent to G2 if there exists a von
Neumann algebra A, a Galois right action (b, a) of G1 on A, and a Galois left action (a, b)
of G2 on A such that

(i) Aa = a(N2), A
b = b(N1), and the actions (b, a) and (a, b) commute;

(ii) the modular automorphism groups of the normal semi-finite faithful weights ν1 ◦
b−1 ◦ Tb and ν2 ◦ a

−1 ◦ Ta commute.
Then A (or, more precisely, (A, b, a, a, b)) will be called an imprimitivity bi-comodule

for G1 and G2.
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8.2. Proposition. Let N be a quotient type co-ideal of (the von Neumann version of
a) compact quantum group G = (M,Γ, ω, ω), and let us consider the measured quantum
groupoid G(N, ad|N ,Γ|N , ω|N) constructed in 7.4.4.

(i) There exists a unitary V4 from H R|N
⊗ad|N

ω|N

(H ⊗Hω|N
) onto H ⊗H such that

V4(ξ R|N
⊗ad|N

ω|N

U
ad|N
ω|N

(η ⊗ Jω|N
Λω|N

(x∗))) = R(x)ξ ⊗ η

for all x ∈ N and ξ, η in H. Moreover, for all z ∈ R(N)′, x ∈ N and y ∈ B(H),

V4(z R|N
⊗ad|N

N

1) = (z ⊗ 1H)V4,

V4(1H R|N
⊗ad|N

N

U
ad|N
ω|N (y ⊗ xo)(U

ad|N
ω|N )∗) = (R(x)⊗ y)V4.

(ii) Let y ∈M and a(y) = V ∗
4 Γ(y)V4. Then a(y) belongs to M R|N

∗ad|N
N

(Ĝ⋉ad|N
N).

(iii) Let x ∈ N . Then a(R(x)) = 1 R|N
⊗ad|N

N

β̂(x), where β̂ is the canonical anti-

representation of the basis N into Ĝ⋉ad|N
N .

(iv) (R|N , a) is a right action of G(N, ad|N ,Γ|N , ω|N) on M .
(v) The action a is ergodic, and integrable. More precisely, the canonical operator-

valued weight Ta is equal to the Haar state ω.
(vi) The action a is Galois and its Galois unitary is V ∗

4 W
∗σ.

Proof. (i) By 4.3(i) applied to the braided-commutative Ĝ-Yetter-Drinfel’d algebra (N, ad|N ,Γ|N),

we get that U
ad|N
ω|N (η ⊗ Jω|N

Λω|N
(x∗)) belongs to D((H ⊗Hω|N

)ad|N , ω|N) and that

Rad|N ,ω|N (U
ad|N
ω|N

(η ⊗ Jω|N
Λω|N

(x∗))) = U
ad|N
ω|N

lηJω|N
x∗Jω|N

.

Therefore, using standard arguments, we get an isometry V4 given by the formula above.
As its image is trivially dense in H ⊗ H , we get that V4 is unitary. The commutation
relations are straightforward.

(ii) Thanks to the commutation property in (i), a(y) belongs toMR|N
∗ad|N
N

B(H⊗Hω|N
).

By 2.5(i),

(Ĝ⋉ad|N
N)′ = U

ad|N
ω|N (Ĝo

⋉ado
|N
No)(U

ad|N
ω|N )∗ = U

ad|N
ω|N (M ′ ⊗ 1 ∪ ado

|N(N
o))′′(U

ad|N
ω|N )∗.

On one hand, the commutation relations in (i) imply

1 R|N
⊗ad|N

ω|N

U
ad|N
ω|N (M ′ ⊗ 1)(U

ad|N
ω|N )∗ = V ∗

4 (1H ⊗M ′)V4,

which evidently commutes with a(M) = V ∗
4 Γ(M)V4. On the other hand, if z ∈ M̂ and

x ∈ N , then

V4(1 R|N
⊗ad|N

ω|N

U
ad|N
ω|N (z ⊗ xo)(U

ad|N
ω|N )∗)V ∗

4 = Ĵx∗Ĵ ⊗ z = (ĴJ ⊗ 1)σ(z ⊗ xo)σ(JĴ ⊗ 1)
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and hence

V4(1 R|N
⊗ad|N

ω|N

U
ad|N
ω|N ado

|N(N
o)(U

ad|N
ω|N )∗)V ∗

4 = (ĴJ ⊗ 1)σ ado
|N(N

o)σ(JĴ ⊗ 1)

= (Ĵ ⊗ J)σ ad|N(N)σ(Ĵ ⊗ J)

= (Ĵ ⊗ J)W (N ⊗ 1H)W
∗(Ĵ ⊗ J)

=W ∗(R(N)⊗ 1H)W

which commutes with Γ(M) = W ∗(1H ⊗M)W .

Therefore, a(y) commutes with 1 R|N
⊗ad|N

N

(Ĝ⋉ad|N
N)′.

(iii) Using 2.5.4 applied to (Ĝ, ad|N ,Γ|N), we get that β̂(x) = U
ad|N
ω|N

αo(xo)(U
ad|N
ω|N

)∗,
where we write α = Γ|N and αo(xo) = (R ⊗ .o)Γ(x) ∈ M ⊗ No to avoid confusion with
Γo. Then the commutation relations in (i) imply that

V4(1H R|N
⊗ad|N

N

β̂(x))V ∗
4 = V4(1H R|N

⊗ad|N

N

U
ad|N
ω|N αo(xo)(U

ad|N
ω|N )∗)V ∗

4

is equal to ς(R⊗ R)(Γ(x)) = Γ(R(x)) = V4a(R(x))V
∗
4 .

(iv) Let us first fix notation. We denote by

ς ◦ ãd|N : Ĝ⋉ad|N N → (Ĝ⋉ad|N
N)⊗M

the dual action followed by the flip. Standard arguments show that there exists a unitary

V5 : (H ⊗Hω|N
)β̂ ⊗
ω|N

ad|N (H ⊗Hω|N
) → H ⊗Hω|N

⊗H

such that

V5(Ξβ̂ ⊗
ω|N

ad|N
U

ad|N
ω|N (η ⊗ Λω|N

(x∗))) = β̂(x)Ξ⊗ η

for all Ξ ∈ H ⊗Hω|N
, η ∈ H , x ∈ N .

We need to prove commutativity of the following diagram,

M
Γ

//

(1)Γ

��

M ⊗M
adV ∗

4
//

Γ⊗id

��

(2)

MR ∗
N

ad(Ĝ⋉N)

Γ∗id

��

M ⊗M
id⊗Γ

//

adV ∗
4

��

(3)

M ⊗M ⊗M
id⊗adV ∗

4

//

adV ∗
4
⊗id

��

(4)

(M ⊗M)(Γ◦R) ∗
N

ad(Ĝ⋉N)

adV ∗
4
∗id

��

MR ∗
N

ad(Ĝ⋉ad N)
id∗ςãd

// MR ∗
N

(ad ⊗1)((Ĝ⋉ad N)⊗M)
id∗adV ∗

5

// MR ∗
N

ad(Ĝ⋉ad N)β̂ ∗N ad(Ĝ⋉N),

(*)

where we dropped the subscripts from R and ad.
Commutativity of cells (1) and (2) is evident or easy.
Let us show that cell (3) commutes. By definition,

(ς ◦ ãd|N)(X) = Ŵ c
13(X ⊗ 1)(Ŵ c

13)
∗

for all X ∈ Ĝ⋉ad|N
N , where

Ŵ c = (Ĵ ⊗ Ĵ)Ŵ (Ĵ ⊗ Ĵ) ∈ M̂ ′ ⊗M,
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and Γ(x) = Ŵ c(x⊗ 1)Ŵ c for all x ∈ M . Therefore,

(adV ∗
4
⊗id)((id⊗ Γ)(Y )) = ad(V ∗

4 ⊗1H )(1H⊗Ŵ c)(Y ⊗ 1),(6)

(id ∗ ς ◦ ãd|N)(adV ∗
4
(Y )) = ad(1R|N

⊗
ω|N

(ad|N ⊗1)Ŵ
c
13)(V

∗
4 ⊗1H )(Y ⊗ 1)(7)

for all Y ∈ M ⊗M . To prove that the two expressions coincide, it suffices to show that
the following diagram (**) commutes:

HR|N
⊗
ω|N

ad|N (H ⊗Hω|N
)⊗H

1R|N
⊗

ω|N
(ad|N ⊗1)Ŵ

c
13

//

V4⊗1H

��

HR|N
⊗
ω|N

ad|N (H ⊗Hω|N
)⊗H

V4⊗1H

��

H ⊗H ⊗H
Ŵ c

23

// H ⊗H ⊗H

(**)

But since the first legs of U
ad|N
ω|N ∈ M̂ ⊗B(Hω|N

) and Ŵ c ∈ (M̂)′ ⊗M commute,

(V4 ⊗ 1H)(1R|N
⊗
ω|N

(ad|N ⊗1)Ŵ
c
13)(ξR|N

⊗
ω|N

ad|N
U

ad|N
ω|N

(η ⊗ xoΛω|N
(1))⊗ ϑ) =

= (V4 ⊗ 1H)(ξR|N
⊗
ω|N

(ad|N ⊗1)(U
ad|N
ω|N )12Ŵ

c
13(η ⊗ xoΛω|N

(1)⊗ ϑ)) =

= R(x)ξ ⊗ Ŵ c(η ⊗ ϑ) = Ŵ c
23(V4 ⊗ 1H)(ξR|N

⊗
ω|N

ad|NU
ad|N
ω|N (η ⊗ xoΛω|N

(1))⊗ ϑ).

for all ϑ ∈ H . Therefore, diagram (**) commutes, the expressions (6) and (7) coincide,
and cell (3) commutes.

To see that cell (4) commutes as well, consider the following diagram:

HR|N
⊗
ω|N

ad|N (H ⊗Hω|N
)β̂ ⊗
ω|N

ad|N (H ⊗Hω|N
)

1⊗V5
//

V4⊗1

��

HR|N
⊗
ω|N

ad|N (H ⊗Hω|N
)⊗H

V4⊗1

��

(H ⊗H)(Γ◦R|N ) ⊗
ω|N

ad|N (H ⊗Hω|N
)

1⊗V4
// H ⊗H ⊗H

We show that this diagram commutes, and then cell (4) commutes as well. We first

compute (V4 ⊗ 1)(1⊗ V5)(ξR|N
⊗
ω|N

ad|N
U

ad|N
ω|N

(η⊗ xoΛω|N
(1))β̂ ⊗

ω|N

ad|N
U

ad|N
ω|N

(ϑ⊗ yoΛω|N
(1))).

We use (iii) and find that this vector is equal to

(V4 ⊗ 1)(ξ R|N
⊗ad|N

ω|N

β̂(y)U
ad|N
ω|N (η ⊗ xoΛω|N

(1))⊗ ϑ))

and therefore

(Γ(R(y))⊗ 1)(V5 ⊗ 1)(ξR|N
⊗
ω|N

ad|NU
ad|N
ω|N (η ⊗ xoΛω|N

(1))⊗ ϑ) =

= (Γ(R(y))⊗ 1)(R(x)ξ ⊗ η ⊗ ϑ).

On the other hand,

(1⊗ V4)(V4 ⊗ 1)(ξR|N
⊗
ω|N

ad|N
U

ad|N
ω|N (η ⊗ xoΛω|N (1))β̂ ⊗

ω|N

ad|N
U

ad|N
ω|N (ϑ⊗ yoΛω|N

(1)))
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is equal to

(1⊗ V4)((R(x)ξ ⊗ η)(Γ◦R|N ) ⊗
ω|N

ad|N
U

ad|N
ω|N (ϑ⊗ yoΛω(1))) = Γ(R(y))(R(x)ξ ⊗ η)⊗ ϑ

as well, which finishes the proof of (iv).
(v) Let y ∈ M ∩ R(N)′ and assume a(y) = yR|N

⊗
N

ad|N1. Then by (i), Γ(y)V4 =

V4(yR|N
⊗
N

ad|N1) = (y ⊗ 1H)V4 and hence Γ(y) = y ⊗ 1H , whence y is a scalar and a is

ergodic.
The canonical operator-valued weight Ta is equal to (idR|N

∗
N

ad|N
Φ̂) ◦ a, where Φ̂ =

ω ◦ ad−1 ◦Tãd|N
, and Tãd|N is the left-invariant weight from Ĝ ⋉ad|N

N to ad(N), i.e. the

operator-valued weight arising from the dual action on Ĝ⋉ad|N
N , that is, (ω⊗ id)◦ ãd|N .

In fact, these operator-valued weights are conditional expectations.

We write Tãd|N = (id ⊗ ω) ◦ ς ãd|N and use commutativity of the cells (1) and (3) in

diagram (*), and find that for any x ∈M+,

(idR|N
∗
ω|N

ad|NTãd|N
) ◦ a(x) = (idR|N

∗
ω|N

ad|N
Tãd|N ) ◦ adV

∗
4
◦Γ(x)

= ((idR|N
∗
ω|N

ad|N
id)⊗ ω) ◦ (idR|N

∗
ω|N

ad|N
ς ãd|N) ◦ adV ∗

4
◦Γ(x)

= ((idR|N
∗
ω|N

ad|N
id)⊗ ω) ◦ (adV ∗

4
⊗id) ◦ Γ(2)(x)

= adV ∗
4
◦(id⊗ id⊗ ω) ◦ Γ(2)(x)

= adV ∗
4
◦(1M⊗M · ω)(x)

= 1(MR|N
∗

ω|N
ad|N

Ĝ⋉ad|N
N) · ω(x),

where Γ(2) = (Γ⊗ id)◦Γ and, for any von Neumann algebra P , 1P ·ω denotes the positive
application x 7→ ω(x)1P . Therefore, we get (v).

As a is integrable and ergodic, by ([E5], 3.8) or 8.1.2 , there exists an isometry G
from H ⊗ H to HR|N

⊗
ω|N

ad|NHω|N
such that, for all ζ ∈ D(HR|N , (ω|N)

o), x ∈ M and

e ∈ Ĝ⋉ad|N
N ,

(1R|N
⊗
N

ad|NJΦ̂eJΦ̂)G(xΛω(1)⊗ ζ) = a(x)(ζR|N
⊗
ω|N

ad|NJΦ̂ΛΦ̂(e)).

Let y∗ ∈ M and let us take e = y∗ ⊗ 1 ∈ Ĝ⋉ad|N
N . The relation JΦ̂ = U

ad|N
ω|N

(J ⊗ Jω|N
)

implies JΦ̂eJΦ̂ = U
ad|N
ω|N (yo ⊗ 1)(U

ad|N
ω|N )∗ and

U
ad|N
ω|N (yoΛω(1)⊗Λω|N

(1)) = U
ad|N
ω|N (Jy∗Λω(1)⊗Λω|N

(1)) = U
ad|N
ω|N (J⊗Jω|N

)ΛΦ̂(e) = JΦ̂ΛΦ̂(e).

We then get that for all ξ ∈ H , z ∈ M , the vector (1 R|N
⊗ad|N

N

JΦ̂eJΦ̂)V
∗
4 (ξ ⊗ zΛω(1)) is

equal to

(1R|N
⊗
N

ad|NU
ad|N
ω|N

(yo ⊗ 1)(U
ad|N
ω|N

)∗)(ξR|N
⊗
ω|N

ad|NU
ad|N
ω|N

(zΛω(1)⊗ Λω|N
(1))) =

ξR|N
⊗
ω|N

ad|N
U

ad|N
ω|N (yozΛω(1)⊗ Λω|N

(1))) = V ∗
4 (ξ ⊗ yozΛω(1)).
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Therefore,

(1R|N
⊗
N

ad|N
JΦ̂eJΦ̂)V

∗
4 W

∗σ(xΛω(1)⊗ ζ) = V ∗
4 (1⊗ yo)W ∗(ζ ⊗ xΛω(1))

= V ∗
4 (1⊗ yo)Γ(x)(ζ ⊗ Λω(1))

= V ∗
4 Γ(x)(ζ ⊗ yoΛω(1))

= a(x)V ∗
4 (ζ ⊗ yoΛω(1))

= a(x)(ζR|N
⊗
ω|N

ad|N
U

ad|N
ω|N (yoΛω(1)⊗ Λω|N

(1)))

= a(x)(ζR|N
⊗
ω|N

ad|N
JΦ̂ΛΦ̂(e)).

Thus, we get that (1R|N
⊗
N

ad|N
JΦ̂eJΦ̂)V

∗
4 W

∗σ = (1R|N
⊗
N

ad|NJΦ̂eJΦ̂)G for all e = y∗ ⊗ 1,

and so G = V ∗
4 W

∗σ. �

8.3. Theorem. Let G = (M,Γ, ω, ω) be a (von Neumann version of a) compact quantum
group, G1 a compact quantum subgroup, and N the quotient type co-ideal. Then the
von Neumann algebra M , equipped with the right Galois action (R|N , a) of Ĝ ⋉ad|N

N
constructed in 8.2 and the left Galois action Γl of G1 defined in 7.4, is an imprimitivity
bimodule which is a Morita equivalence between the compact quantum group G1 and the
measured quantum groupoid G(N, ad|N ,Γ|N , ω|N).

Proof. Let x ∈M . Commutativity of the cells (1) and (2) in diagram (*) implies that

(Γ R|N
∗ad|N
N

id)a(x) = (id⊗ a)Γ(x)

and applying (π ⊗ id) R|N
∗ad|N
N

id to this relation, we get:

(Γl R|N
∗ad|N

N

id)a(x) = (id⊗ a)Γl(x),

which is the commutativity of the right Galois action (R|N , a) of Ĝ⋉ad|N
N and the left

Galois action Γl of G1.
Moreover, we had got in 8.2 that the canonical operator-valued weight Ta was the Haar

state ω. Let ω1 be the Haar state of G1. Then the canonical operator-valued weight TΓl

is equal to (ω1 ◦π⊗ id)Γ, which is, in fact, a conditional expectation from M into MΓl =
R(N). Composed with the state ω|N ◦R = ω|R(N), we get (ω1 ◦π⊗ω)Γ = ω1(π(1))ω = ω.
Therefore, using 8.1.4, we get the result. �

8.4. Corollary. The measured quantum groupoid ŜUq(2)⋉ad
|S2

q
S2
q constructed in 7.4.5 is

Morita equivalent to T.

Proof. Apply 8.3 to 7.4.5. �

8.5. Corollary ([Ri]). Let G be a compact group and G1 a compact subgroup of G. The
the right action of G on G/G1 defines a transformation groupoid (G/G1) x G and this
groupoid is Morita equivalent to G1.

Proof. The canonical surjective ∗-homomorphism from L∞(G) onto L∞(G1) gives to
L∞(G/G1) a structure of a quotient type co-ideal. The restriction of the coproduct
ΓL∞(G) to L

∞(G/G1) is just the right action of G on G/G1, and the measured quantum
groupoid G ⋉Γ L

∞(G/G1) is the dual of the groupoid (G/G1) x G. Therefore, by 7.1,
its dual is just the abelian von Neumann algebra L∞((G/G1) x G), and, by 8.3, we get
the result. �

52



References

[AR] C. Anantharaman-Delaroche and J. Renault: Amenable groupoids, Monographies de

l’enseignement mathématique, 36 (2000).
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