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What is a Hopf bimodule?

compact groupoid:

GO _ G~—" GG
unital Hopf bimodule:
B : A——2 S AA fiber product
IC—|) H,®,H relative tensor
product
C(GY) ; C(G) ™~ C(G)s-®-C(G)
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Quantum groupoids in the setting of operator algebras

Enock, Lesieur, Vallin: Hopf-von Neumann-bimodules,
examples arising from inclusions of factors,

guantum groupoids in the setting of von Neumann algebras

Blanchard; Enock: continuous bundles of locally compact

quantum groups in the setting of C*-algebras

Bohm, Szlachanyi, Nikshych: finite quantum groupoids/weak

Hopf C*-algebras

Q’uchi; T.: pseudo-multiplicative unitaries on C*-modules
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The fiber product of von Neumann algebras

M; < NO°P

N -2 M,
H, © Cy O Ch,

Fact: X,y € [,Nop(K,Hl) = X*y € LNop(K) =N
= Lyor (K, H1) Hilbert C*-module over N,
Ln (K, Hy) Hilbert C*-module over N°P

Defn: > H10®pH2 = [:Nop(K,Hl) N Knor®LY (K,Hz)
(xecoyx ®®y’) = (Cx*x"-y*y' (')
> Mla*pMZ = (Mi ®nN id Nop ® Mé), C H10®pH2
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What is a Hilbert module over a KMS-weight?

v

Given: C~-algebra B with faithful KMS-weight 1

~ GNS-space H, O B

Defn:  » Hilbert C*-module over x := (H,«) or H,, where
H Hilbert space, a ¢ L(H,,H) closed subspace,
[aH,] =H, [a*a] =B, [aB] =«

L(Ha,Kg) ={T e L(H,K) | Tac B, T*Fca}

v

Facts: » a®gH,3£{®3n~ {neH is anisomorphism

v

L(H,) 2B’ actson H = a ®g H,, via p,:X — id ®gX
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Examples of Hilbert C*-modules over KMS-weights

1. B finite-dimensional = « = Lg/(H,,H)

{Hilbert C*-modules over u} s {nd. reps of B’ c L(H,)}

2. B commutative = « = cont. field of Hilbert spaces H on B,

—_

H = direct integral of # over (B, 1)

3. B c A, cond. expectation ¢:A - B s.t. o ¢ KMS-weight
~ GNS-map Ay:A = L(H,,Hpuos), Ag(a)AL(D) = Aoy (ab)
~ (Hy06, [As(A)]) Hilbert C*-module over
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What is a Hilbert bimodule over KMS-weights?

Given: C*-algebras B, C with KMS-weights p, v
~ B with °P:b% > p(b) ~ B°® O Hyee 2H, O B

Defn: Hilbert C*-bimodule over (1, v) := (H,a, 3) or oHg

» H,, Hg Hilbert C*-modules over 1P, v

cop (B
R Hu—a>H€ﬁ£ d >)H and H, —ﬂ>H—p—(—)>H
| A | A
L __ 1 L ___ 1
« B

Ex: B c A, cond. expectation ¢:A — B s.t. uo ¢ KMS-weight
~ (H,M), [Agor (A%P)], [A¢(A)]) Hilbert C*-bim./(u°P, 1)
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The relative tensor product of Hilbert C*-bimodules

Given: Hilbert C*-bimodules ,Hg, ,K; over (7P, 1), (u°P,v)

~r HTop —a ,3 /H“=H“0p\ ol 5//H1/
: \\*Hé/// \\\SK‘/ :
| I, Lo
o Peet () I(p)_Mweer
A £
:_ _______ B®BH#BOD®’Y _______ _:
H5®7K

Hilbert C*-bimodule over (7°P,v)
Thm: » obtain bicategory of KMS-weights, Hilbert
C*-bimod.s over KMS-weights, and their operators
» «Hg = (H, pa, p3) yields embedding into bicategory

of Hilbert modules over von Neumann algebras
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What is a C*-algebra over KMS-weights?

Defn:  » C*-algebra over = (H,,A) or Afj, where
H, Hilbert C*-module over p,
A O H nd. C*-algebra s.t. p,(B°) c M(A)
» Mor(AY, Bﬁ) := { morphisms A — B with sufficiently
many intertwiners in L(H,,Kgz)}

» similarly: category of C*-algebras over (P, v)

Ex: B c A, cond. expectation ¢: A — B s.t. o ¢ KMS-weight
~ (Hyop, [Agor (A°P)]) and A form a C*-algebra over ;%P
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The fiber product of C*-algebras over KMS-weights

Given: A;;”, B)® C*-algebras over (4%, 7), (7P, v)

~ H-—-—-=-=-= >ng® K<- - - - - — K
| r(v |7 3) I
Al Ag*,B B
y r(y v (6 \
H———(—l——>ng®7K<——(—l——K

Defn: Agx,B:={T : TMI(B) c [I(5)B], TMr(v) € [r(7)A]}

Facts: » Agx,B C*-algebra over (n°,v) if it is nd.
» (AnL(Ha))s®,(BnL(Kg)) cAg#,B c A", +, B”

» fiber product is functorial but not associative
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What is a Hopf C*-bimodule over a KMS-weight?

Definition:
» Hopf C*-bimodule over 1 := C*-algebra A% over (s, u°P)

+ comultiplication A € Mor (A% A%« A7) s t.
(Axid) o A= (id*A) o AtA - L(H,®H.®3H)

» bd. left Haar weight := cond. exp. ¢: A — pg(B) c M(A) s.t.

w(g(a)) = o((w=id)(A(a))) forall a e A, w=¢*(+)¢, L€ a,

| 1(¢)*
(w*id) (X):H " HoosH 5 HogsH s

» bd. right Haar weight := . ..
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What is a compact Hopf C*-bimodule?

1) AnxgA
unital rep. p $ unital rep. o
Co - B . ... ) O -~ BOP T - C
A KMS-state (4 cond. exp. ¢ cond. exp. Y Kms-s. i°P A
KMS-state I/ J:=d I//d viea KMS-state 1/

~ H, 2H, 1 =-H Hilbert C*-module over (u,u°, u°, 1) w.rt.
GNS-constructions @, 3, B, a for ¢, ¢°P, v, °P
~ AP C*-algebra over (u, %)

2) (A%”, A) Hopf C*-bimod.; A(8) = §,®5; ¢, v Haar weights
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Example: Tracial center-valued conditional expectation

tracial cond. exp. T, faithful state 0
=Z(B) ——————

Given: B Z =

C
A

trace [4

Get: pr——=b®1% 1®C® . __cop

J g o T
bT(C)<—|b‘§C ————7(b)c

(b§)1°p)a®ﬁ(1§>c°p)
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How to proceed?

compact Hopf C*-bimodule

C*-pseudo-multiplicative unitary
|

! i 1
guantum groupoid dual Hopf C*- reduced crossed
in the setting of von bimodule products for coac-
Neumann algebras tions, biduality

[Lesieur], universal

C*-algebra
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What is a C*-pseudo-multiplicative unitary?

Defn: C*-pseudo-multiplicative unitary (C*-p.m.u.) over y :=
Hilbert C*-trimodule (H, 3, o, 3) over (1, u, u°P)
+ unitary V: H3®aH - H,®gH satisfying
» V12V13Vo3 = Vo3Viz (Vi op. on H:®7H7®7H)

» intertwining relations with regard to «, 3, 3

Facts: {p.m.u.s [Vallin, Enock, Lesieur]}
@]
{C*-p.m.u.s} ~ {p.m.u.s on C*-modules [T]}
@]

{bundles of m.u.s [Blanchard]}



Introduction Compact Hopf C *-bimodules C*-pseudo-multiplicative unitaries

[e]e] lelele]e}

The C*-p.m.u. of a compact Hopf C*-bimodule

Given: compact Hopf C*-bimodule = A—=Ayx3A

asbefore v=pog¢, H=H,, B=[Ay(A)], a=[Ayw(A%)]
Prop.:

> Junitary Hz®H = B®,. H

a®,, H2H,®3H
Ay (a) ®,, wi— A(a)(A¢op(1°p) ®pg w)
» V satisfies half of the intertwining relations for a C*-p.m.u

» if V satisfies all, then V1,V13Va3 = Vo3V and V is a

C*-pseudo-multiplicative unitary over p
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Unitary antipode and inversion formula for V

Assume: R anti-automorphism of A (“unitary antipode”)

which flips (p, ¢), (o,v) and satisfies R? = ida

~ involution | on H satisfying R(a) = la*l for all a € A
J,®I
I
~ anti-unitaries Hz®&H —H,&3H

Ju®l
Ju

Thm.: V*=(J, ®)V(J, 5@ I) < strong invariance, i.e.

n

Ju
Vx,y € A (Pxid)(A(x)(YP®1)) = R((¢¥*id)((xP1)A(Y)))

Thm.: strong invariance = V is a C*-p.m.u over p
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Def.: V regular :< [I(a)*Vr(«a)] = [aa*]
Thm.: V regular = (A(V)2/A), (K(V)E"’jﬁ) Hopf C*-bimod.,
where A(a) =V (1;8,a)V* and A(d) = V*(@a851)V



Introduction The fiber plo(iu(t Compact Hopf C *-bimodules C*-pseudo-multiplicative unitaries

0000080

The dual of a compact Hopf C*-bimodule

Given: compact Hopf C*-bimodule = A—= Ay *3A

Thm.: The associated C*-p.m.u. V is regular

~ Hopf C*-bimodule (A(V)”, Ay ) = (A%7 A)
and “dual” Hopf C*-bimodule (A(V)Z, Ay )

Prop.: A(V) = span{convolution operators p(a) | ae A},
o(@)* =J,0(R(a))d, forallaceA,
o(a) » J,o(a)*J, anti-automorphism R of A(V)
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Open questions for further investigations

» proper instead of compact Hopf C*-bimodules
» duality for Hopf C*-bimodules that are proper and étale

» use approach of Kustermans-Vaes instead of

Masuda-Nakagami-Woronowicz
» representation theory of compact Hopf C*-bimodules

» universal instead of reduced fiber product and Hopf

C*-bimodules

» further examples
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