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What is a Hopf bimodule?

compact groupoid:

G0 G
roo

s
oo G s�r G

moo

unital Hopf bimodule:

B
ρ //
σ

// A
∆ //ÿ Aσ�ρAÿ fiber product

H HσaρH relative tensor
product

C�G0� r� //

s� // C�G� m�
// C�G�s�ar�C�G�

C�G0� //
// M�C��r��G�� // ???
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Quantum groupoids in the setting of operator algebras

Enock, Lesieur, Vallin: Hopf-von Neumann-bimodules,

examples arising from inclusions of factors,

quantum groupoids in the setting of von Neumann algebras

Blanchard; Enock: continuous bundles of locally compact

quantum groups in the setting of C�-algebras

Böhm, Szlachányi, Nikshych: finite quantum groupoids/weak

Hopf C�-algebras

O’uchi; T.: pseudo-multiplicative unitaries on C�-modules
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The fiber product of von Neumann algebras

H1
ú M1

σ�� Nop üKúN
ρ��M2 üH2

Fact: x ,y > LNop�K ,H1�� x�y > LNop�K � � N� LNop�K ,H1� Hilbert C�-module over N,LN�K ,H2� Hilbert C�-module over Nop

Defn: L H1σaρH2 �� LNop�K ,H1�aN K NopaLN�K ,H2��`x a ζ a y Sx � a ζ � a y �e � `ζ Sx�x � � y�y � � ζ �e�L M1σ�ρM2 �� �M �
1 aN id Nop aM �

2��ü H1σaρH2
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What is a Hilbert module over a KMS-weight?

Given: L C�-algebra B with faithful KMS-weight µ  GNS-space Hµù B

Defn: L Hilbert C�-module over µ �� �H, α� or Hα, where

H Hilbert space, α b L�Hµ,H� closed subspace,�αHµ� � H, �α�α� � B, �αB� � αL L�Hα,Kβ� � �T > L�H,K � S Tα b β,T �β b α�
Facts: L αaB Hµ ? ξ aβ η ( ξη > H is an isomorphismL L�Hµ� 
 B� acts on H � αaB Hµ via ρα�x ( idaBx
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Examples of Hilbert C�-modules over KMS-weights

1. B finite-dimensional� α � LB��Hµ,H��Hilbert C�-modules over µ� � �nd. reps of B� b L�Hµ��
2. B commutative� α � cont. field of Hilbert spaces H on ÂB,

H � direct integral of H over �ÂB, µ�
3. B b A, cond. expectation φ�A � B s.t. µ X φ KMS-weight  GNS-map Λφ�A � L�Hµ,HµXφ�, Λφ�a�Λµ�b� � ΛµXφ�ab�  �HµXφ, �Λφ�A��� Hilbert C�-module over µ
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What is a Hilbert bimodule over KMS-weights?

Given: C�-algebras B,C with KMS-weights µ,ν  Bop with µop�bop ( µ�b�   Bop ý Hµop � Hµù B

Defn: Hilbert C�-bimodule over �µop, ν� �� �H, α, β� or αHβL Hα, Hβ Hilbert C�-modules over µop, νL Hµ
α //__

�

�

α
_________

OO�
�

H
ρβ�Cop�

//____ H and Hν

β //__

�

�

β
_________

OO�
�

H
ρα�B�

//____ H

Ex: B b A, cond. expectation φ�A � B s.t. µ X φ KMS-weight  �HµXφ, �Λφop�Aop��, �Λφ�A��� Hilbert C�-bim./�µop, µ�
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The relative tensor product of Hilbert C�-bimodules

Given: Hilbert C�-bimodules αHβ, γKδ over �τop, µ�, �µop, ν�  Hτop α
((R

R
R

R

�

�

�

�

�

�

�

//_________

Hµ�Hµopβ
ssh h

h
h

h
γ

++V
V

V
V

V
Hνδ

vvm m
m

m

�

�

�

�

�

�

�

oo_ _ _ _ _ _ _ _ _

H K

β aB Hµ r�γ�
))R

R

SS
Hµ Bopaγl�β�

uuk k

SS
β aB Hµ Bopaγ

HβaγK

Hilbert C�-bimodule over �τop, ν�
Thm: L obtain bicategory of KMS-weights, Hilbert

C�-bimod.s over KMS-weights, and their operatorsL αHβ ( �H, ρα, ρβ� yields embedding into bicategory

of Hilbert modules over von Neumann algebras
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What is a C�-algebra over KMS-weights?

Defn: L C�-algebra over µ �� �Hα,A� or AαH , where

Hα Hilbert C�-module over µ,

Aý H nd. C�-algebra s.t. ρα�Bop� b M�A�L Mor�AαH ,Bβ
K � �� � morphisms A� B with sufficiently

many intertwiners in L�Hα,Kβ��L similarly: category of C�-algebras over �µop, ν�
Ex: B b A, cond. expectation φ�A � B s.t. µ X φ KMS-weight  �HµXφ, �Λφop�Aop��� and A form a C�-algebra over µop
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The fiber product of C�-algebras over KMS-weights

Given: Aα,βH , Bγ,δ
K C�-algebras over �µop, τ�, �τop, ν�  H

A
���
�

� r�γ� //________ HβaγK

Aβ�γB
��

K
l�β�oo_ _ _ _ _ _ _

B
���
�

�

H
r�γ�

//________ HβaγK K
l�β�

oo_ _ _ _ _ _ _

Defn: Aβ�γB �� �T � T ���l�β� b �l�β�B�, T ���r�γ� b �r�γ�A��
Facts: L Aβ�γB C�-algebra over �µop, ν� if it is nd.L �A 9L�Hα��βaγ�B 9L�Kβ�� b Aβ�γB b A��

ρβ
�ργ B��L fiber product is functorial but not associative
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What is a Hopf C�-bimodule over a KMS-weight?

Definition:L Hopf C�-bimodule over µ �� C�-algebra Aα,βH over �µ,µop�
+ comultiplication ∆ > Mor �Aα,βH ,Aα,βH � Aα,βH � s.t.�∆ � id� X∆ � �id�∆� X∆�A� L�HαaβHαaβH�L bd. left Haar weight �� cond. exp. φ�A � ρβ�B� b M�A� s.t.

ω�φ�a�� � φ��ω � id��∆�a��� for all α > A, ω � ξ�� � �ξ, ξ > α,�ω � id��x��H l�ξ���� HαaβH
x�� HαaβH

l�ξ����� HL bd. right Haar weight �� . . .
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What is a compact Hopf C�-bimodule?

1) Aα�βA

C
//
B

KMS-state µ
oo

unital rep. ρ //
A

cond. exp. φ
oo

∆

OO

cond. exp. ψ
//

KMS-state ν

OO

KMS-state ν�1

OOBop
unital rep. σoo

KMS-s. µop
// C

oo

δ �� dν~dν�1 > A  Hν � Hν�1 �� H Hilbert C�-module over �µ,µop, µop, µ� w.r.t.

GNS-constructions Âα, β, Âβ, α for φ, φop, ψ, ψop  Aα,βH C�-algebra over �µ,µop�
2) �Aα,βH ,∆� Hopf C�-bimod.; ∆�δ� � δαaβδ; φ, ψ Haar weights
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Example: Tracial center-valued conditional expectation

Given: B

trace µ

OO
tracial cond. exp. τ// Z �� Z �B� faithful state θ // C

Get: b
� // ba

Z
1op 1a

Z
cop

cop�oo

B
ρ // Ba

Z
Bop

φ
oo

ψ
// Bop

σoo

bτ�c� ba
Z

cop�oo � //
_

∆

��

τ�b�cop�ba
Z

1op�αaβ�1a
Z

cop�
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How to proceed?

compact Hopf C�-bimodule�
C�-pseudo-multiplicative unitaryS� � �

quantum groupoid

in the setting of von

Neumann algebras

[Lesieur], universal

C�-algebra

dual Hopf C�-

bimodule

reduced crossed

products for coac-

tions, biduality
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What is a C�-pseudo-multiplicative unitary?

Defn: C�-pseudo-multiplicative unitary (C�-p.m.u.) over µ ��
Hilbert C�-trimodule �H, Âβ,α,β� over �µop, µ,µop�
+ unitary V �H ÂβaαH � HαaβH satisfyingL V12V13V23 � V23V12 (Vij : op. on H?a?H?a?H)L intertwining relations with regard to α, Âβ,β

Facts: �p.m.u.s [Vallin, Enock, Lesieur]��C�-p.m.u.s�8  �p.m.u.s on C�-modules [T]��bundles of m.u.s [Blanchard]�8
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The C�-p.m.u. of a compact Hopf C�-bimodule

Given: compact Hopf C�-bimodule B
Bop

//
// A

ψ
oo

φoo
∆ // Aα�βA ,

as before ν � µ X φ, H � Hν, Âβ � �Λψ�A��, α � �Λψop�Aop��
Prop.:L § unitary H ÂβaαH � Âβ aρα H V // αaρβ

H � HαaβH

Λψ�a�aρα ω
� // ∆�a��Λψop�1op�aρβ

ω�L V satisfies half of the intertwining relations for a C�-p.m.uL if V satisfies all, then V12V13V23 � V23V12 and V is a

C�-pseudo-multiplicative unitary over µ
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Unitary antipode and inversion formula for V

Assume: R anti-automorphism of A (“unitary antipode”)

which flips �ρ,φ�, �σ,ψ� and satisfies R2 � idA  involution I on H satisfying R�a� � Ia�I for all a > A  anti-unitaries H ÂβaαH

Jν a
Jµ

I

// HαaβH
Jν a

Jµ

I
oo

Thm.: V � � �Jν a
Jµ

I�V �Jν a
Jµ

I�� strong invariance, i.e.�x ,y > A � �ψ̃�id��∆�x��yopa1�� � R��ψ̃�id���xopa1�∆�y���
Thm.: strong invariance� V is a C�-p.m.u over µ
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The legs of a general C�-pseudo-multiplicative unitary

H

r�α�
���
�

�

� A�V � �� �r�β��Vr�α�� //_____________ H

H ÂβaαH V // HαaβH

r�β��OO�
�

�

�

l�α��
���
�

�

�

H

l�Âβ� OO�
�

�

� ÂA�V � �� �l�α��Vl�Âβ��
//_____________ H

Def.: V regular �� �l�α��Vr�α�� � �αα��
Thm.: V regular� �A�V �α,βH ,∆�, �ÂA�V �Âβ,αH , Â∆� Hopf C�-bimod.,

where ∆�a� � V �1Âβaαa�V � and Â∆�Âa� � V ��Âa αaβ1�V
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The dual of a compact Hopf C�-bimodule

Given: compact Hopf C�-bimodule B
Bop

//
// A

ψ
oo

φoo
∆ // Aα�βA

Thm.: The associated C�-p.m.u. V is regular  Hopf C�-bimodule �A�V �α,βH ,∆V � � �Aα,βH ,∆�
and “dual” Hopf C�-bimodule �ÂA�V �Âβ,αH , Â∆V �

Prop.: ÂA�V � � span�convolution operators ̺�a� S a > A�,

̺�a�� � Jν̺�R�a��Jν for all a > A,

̺�a� ( Jν̺�a��Jν anti-automorphism ÂR of ÂA�V �
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Open questions for further investigationsL proper instead of compact Hopf C�-bimodulesL duality for Hopf C�-bimodules that are proper and étaleL use approach of Kustermans-Vaes instead of

Masuda-Nakagami-WoronowiczL representation theory of compact Hopf C�-bimodulesL universal instead of reduced fiber product and Hopf

C�-bimodulesL further examples
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