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Introduction

Why study dynamical quantum groups?
» Links between special functions and representation theory

» Obtain rich examples of quantum groupoids

Plan of the talk
1. Dynamical quantum groups and dynamical R-matrices
2. Example: a dynamical analogue SU4(2)
3. Example: the free orthogonal and free unitary ones

4. The passage to operator algebras
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R-matrices and the Yang-Baxter equation

Definition An R-matrix on V is an R € Aut(V ® V) such that

» R satisfies the Yang-Baxter equation R12R13R23 = R23 R13R12

or, equivalenty,

> IEI’ := YR satisfies the braid relations /,';!’12?23/,\?12 = /,51’23 ﬁl’~|2/’\q23

'
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From R-matrices to quantum groups

Proposition (Faddeev-Reshetikhin-Takhtajan construction)
Let R be an R-matrix on C" and let Ar be the algebra with
> generators (uj);;j and

» relations R(uw u) = (uw u)R, where um u = (UjUK) (i jy.(k.1)-

Then there exist homomorphisms
A!A—>A®A, Uij"’ZkUik‘X’ukj’ €2A—>C, U,'jl—>5,',j.

Thus, (Ag, A, ¢) is a bialgebra, u = (uj;); ; a corepresentation,
and R a Yang-Baxter operator on u
Examples

» Aig = O(Mp(C)) and Aig/(get—1) = O(GLA(C))
> Og(M2(C)) and Og(M2(C))/(qdet-1) = O(SUq(2))
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Definition Fix a group I" acting on a commutative algebra B.

» A dynamical vector space is a I'-graded B-bimodule V,
where vb = ~v(b)v if v has degree ~

» The tensor product of V, W is V&W = @ (V, ® Ws)
o,
~ get notion of dynamical R-matrix R € Aut(V®V)
Setup considered by Etingof-Varchenko:

» YV = V ® B for some '-graded vector space V
» one has an abelian Lie algebra h and a h-module V

» [ c b* is the lattice generated by the weights of V
» B is the field of meromorphic functions on h*
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Definition (following Etingof-Varchenko)

» A dynamical algebra is aT x [-graded algebra A with
Be®B— Age st albeb’)=(v(b)®~ (b))aifac Ay

» The tensor product of A,C is ASC = @ (Aap %’Cﬁ,v)
B,y

» A dynamical bialgebroid is a dynamical algebra A with

» a comultiplication A: A - A®A such that (A®:)A = (1®A)A
» acounite: A — BxT such that (edt)A =1 = (1&€)A

» A dynamical quantum group is (A, A, €) with an antipode S
Example: The crossed product BxT =(B,[ : v-b=~(b)-~):

» BxI['=@Byand B® B—- B~ BxT isthe multiplication
y

» A(by) = by&y =&by, e(by)=by, S(by)=~"'b
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A semi-classical example

Start with
» a Lie group G with algebra O(G) (matrix coeff. of f.d. reps)

» a maximal torus T ¢ G with Lie algebra t

Obtain a dynamical quantum group
» Ac End(O(G)) generated by
» O(G) acting via multiplication
» B® B = Ut® Ut acting via left or right invariant diff-ops

» T={(damora) €t acting on B = Utz O(t) by shifts

» A,eonBeBmap be b to (be1)®(1eb’) or bt

» A e on O(Q) are transposes of G X G™. Gandt 2% G
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The dynamical quantum group sugy”(z) (Koelink-Rosengren)

The dynamical FRT-construction applied to some specific R
yields a dynamical quantum group O(Sugy”(Z)), where

» [ =7 acting on B = 9t(C) meromorphic functions by shifts
- (’)(SUS,V”(Z)) =universal dynamical algebra with generators
a,a”,v,v* of degree (1,1), (-1,-1), (1,-1), (-1,1) satisfying

1. ay=q(F®1)yaand ay* =q(1® F_1)y*a,
v a*=q(F®1)a*y* and va* = q(1® F_1)a*y,

PO _g2
where F()\) = TP 1 and F_1()\) = F(>\—1)

2. ad*-a*a=Hyy*and (1® G)aa® - (G®1)a*a = -qH~*,
A1
where H()\a )‘,) = ((qi(i1))_(1q)(q2(x'+1)_1)

2(AH1) _ 2\ [ A2(AH1) -2
and G()‘) -4 (qzcz/\)+(16)7_1)2 )

2(A+X"+2) _4 )
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Free orthogonal dynamical quantum groups

Fix T G B, v,...,ym¢el, feGLy(B)st fj=0if =
Define the free orthogonal dynamical quantum group Ao (f)
as the universal dynamical algebra with generators (vj;); ; S.t.

1. vj(b® b") = (vi(b) ® v;(b"))vj for all b, b’

2. fiyvT = vk, where fg = (1 f;);; and fy = (7i(fj) ® 1)
Theorem (T.) A, (f) is a dynamical quantum group w.r.t.

AV Yp Vi®Vig, eV 6y, Sivie (V)

Thus, v, v~ are matrix corepresentations with an intertwiner f
Example Obtain O(SUY"(2)) = A,(f) if
=2z, B=2(C), (11.72)=(1,-1), f=(pa 70 ) v=(2"2")

Dynamical R-matrices The dynamical SUS"

(2) Free dynamical quantum groups Free dynamical quantum groups The passage

Free unitary dynamical quantum groups

Fix T C B, vi,...,7nel, feGLp(B)s.t. fj=0ifv; #~;
where B is a =-algebra

Define the free unitary dynamical quantum group A,(f)
as the universal dynamical -algebra with generators (v;j);; S.t.

1. vi(b® b') = (vi(b) ® v;(b"))vj for all b, b’
2. iV = Vi), where fgy = (1® f);j and fy = (vi(fj) © 1)
Theorem (T.) A,(f) is a dynamical quantum group w.r.t.

: 5 : : -1
A:vi= Y Vik®Vi, eV Oy, Sivipe (V)
Thus, v, v~ are matrix corepresentations with an intertwiner f
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The full dynamical quantum group SU;"(2)

A+k —A—k
-q

d L dof .
Idea O(SUY"(2)) is defined over (()\ > L) ke z)
Definition O(SUY"(2)) := Ao(f), where

—_0? Ky _ -k
» B= <o"((11—%2)m) ' ((%é_g—/\f)) |m,n€N,k,/e Z) cC(Q,X,Y)

» T =7 acting by X 5 @*X, Y 5 @ %Y and (41,72) = (1, -1)
O(SU%’”(Z)) “contains” O(SUZ"(2)) for all g and limit cases:

Base change Given a I'-equivariant homomorphism B 2 C,

dynamical quantum ) ¢+ ( dynamical quantum
get { groups over F G B } - { groups over TG C }’ A AB%B(C ® C)

Examples 1. ¢:B->9MM(C)st. Q~ g, X (A~ q"),

Y (A g) gives ¢.O(SUZ"(2)) = O(SUT"(2))

2. $:B->Cst Q~qgand (X,Y)~ (0,1)or (X,Y)~ (1,0)
gives ¢.O(SUY"(2)) = O(SU4(2)) (limit case A — +oo)
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The passage to operator algebras

Aim construct operator-algebraic dynamical quantum groups

universal enveloping
/ C*-algebra C*-algebra
polynomial reduced
algebra C*-algebra generated by a

\ vr GNS-representation
for a Haar weight

von Neumann
algebra
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Completions in the form of measured quantum groupoids

Assume A is a dynamical quantum group over I' C B and
» u: B — C is positive, '-quasi-invariant with bounded GNS-rep.
» h: A - B® Bis a cond. expectation and A(ker h) c ker h& ker h
» AL Be B2 C s faithful and positive
Theorem (T.) 1. v has a bounded GNS-rep. 7,: A - L(H,)
2. ¢:=(t®u)ohisleft-invariant: (1 ® ¢)(A(a)) = ¢p(a) ® 1
Y= (u®)ohisright-invariant: (v ® 1)(A(a)) =1®y¥(a)
3. getm, (A)" 2% w.(B)” and m, (A" 2w, (A)" 1, (A)”
4. 7,(A)" is a measured quantum groupoid [Enock, Lesieur]

Proof Use aunitary V:H,®H, > H,®H,, xy » A(x)(1®Yy)
% %

Plan Apply this construction to O(SU‘C’)V”(Z))




