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What is a quantum groupoid?

▸ a set G
▸ a map G ×G

mÐ→ G
▸ conditions . . .

▸ sets X ,G
▸ maps G ×

X
G

mÐ→ G ⇉ X
▸ conditions . . .

group
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function
algebra
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group
algebra
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quantum
group

//

dynamical
quantum
group

quantum
groupoid

▸ an algebra A
▸ a map A

∆Ð→ A⊗A
▸ conditions . . .

▸ algebras B,A
▸ maps B ⇉ A

∆Ð→ A ×
B

A
▸ conditions . . .
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Examples of groupoids

1. dynamical system Γ⟳ X ↝ transformation groupoid:

X ⋊ Γ = {(x , γ, y) ∶ x = γy} ●
x=γy

●
y=γ′z

γ

��
●
z

γ′

��

2. topological space X ⇒ fundamental groupoid:

Π1(X ) = [[0,1],X ] ●
x

##
;;

$$++'' ●
y

3377:: ●
z

3. manifold M ⇒ tangent groupoid:

blow-up of ∆(M) in M ×M /
deformation of TM to M ×M

●
y ●

z

Z∈TzM
77

●
x

ε∈(0,1]
66
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Examples of quantum groups

The following are compact matrix quantum groups of the form

A = ⟨ui ,j ∣u = (uij)i ,j is unitary⟩, ∆(uij) = ∑k uik ⊗ ukj

1. q-deformation of polynomial functions on SUq(2):

O(SUq(2)) = ⟨a, c ∣u =
⎛
⎝
a −qc∗

c a∗
⎞
⎠

is unitary⟩

2. quantum permutation group:

A = ⟨pij ,1 ≤ i , j ≤ n ∣ each row/column of (pij)i ,j consists of

pairw. orthog. projections with sum 1 ⟩

3. free orthogonal quantum group for parameter F ∈ GLn(C):

Ao(F ) = ⟨uij ,1 ≤ i , j ≤ n ∣F ū = uF ⟩
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Dynamical quantum groups (Etingof-Varchenko)

Fix a commutative algebra B with an action by a group Γ

▸ A dynamical algebra is a Γ × Γ-graded algebra A with
B ⊗B → Ae,e s.t. a(b ⊗ b′) = (γ(b) ⊗ γ′(b′))a for a ∈ Aγ,γ′

▸ The tensor product of A,C is A⊗̃C = ⊕
γ,γ′,γ′′

(Aγ,γ′ ⊗
B
Cγ′,γ′′)

▸ A dynamical quantum group is a dynamical algebra A with
▸ a comultiplication ∆∶A → A⊗̃A such that (∆⊗̃ι)∆ = (ι⊗̃∆)∆

▸ a counit ε∶A → B ⋊ Γ such that (ε⊗̃ι)∆ = ι = (ι⊗̃ε)∆

▸ an antipode S ∶A → A . . .

Example The crossed product B ⋊ Γ = ⟨B,Γ ∶ γ ⋅ b = γ(b) ⋅ γ⟩:

▸ B ⋊ Γ = ⊕
γ

Bγ and B ⊗B → B ↪ B ⋊ Γ is the multiplication

▸ ∆(bγ) = bγ⊗̃γ = γ⊗̃bγ, ε(bγ) = bγ, S(bγ) = γ−1b
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A “semi-classical” example

Start with

▸ a Lie group G with algebra O(G) (matrix coeff. of f.d. reps)

▸ a toral subgroup T ⊆ G with Lie algebra t

Obtain a dynamical quantum group, where

▸ B = Ut ≅ O(t∗) and Γ = { weights of
f.d. reps. of G } ⊆ t∗ acting by shifts

▸ A ⊆ End(O(G)) is the algebra generated by
▸ O(G) acting by multiplication
▸ B ⊗B = Ut⊗Ut acting by left or right invariant diff.ops

▸ comultiplication ∆ and counit ε
▸ on B ⊗B: map b ⊗ b′ to (b ⊗ 1)⊗̃(1⊗ b′) or bb′

▸ on O(G): are transposes of G ×
T

G
mÐ→ G and t

expÐÐ→ G
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The example O(SUdyn
q (2)) (Koelink-Rosengren)

O(SUdyn
q (2)) is a deformation of the last example for G = SU(2):

▸ B =M(C) (meromorphic functions) Γ = Z acting by shifts

▸ O(SUdyn
q (2)) = universal dynamical algebra with

▸ generators a, a∗, c , c∗ of degree (1,1), (-1,-1), (1,-1), (-1,1)
▸ relations involving special functions f ,g ∈ B and h ∈ B ⊗B:

ac = q(f ⊗ 1)ca, ac∗ = qc∗(1⊗ f )a,

c∗a∗ = q(f ⊗ 1)a∗c∗, ca∗ = qa∗(1⊗ f )c ,
aa∗ − a∗a = hcc∗, (1⊗ g)aa∗ − (g ⊗ 1)a∗a = −qhc∗c ,

where f (λ) = q2(λ+1)−q−2

q2(λ+1)−1 , g(λ) = (q
2(λ+1)−q2)(q2(λ+1)−q−2)

(q2(λ+1)−1)2 ,

h(λ,λ′) = (q−q−1)(q2(λ+λ′+2)−1)
(q2(λ+1)−1)(q2(λ′+1)−1)

▸ ∆(uij) = ∑k uik ⊗̃ukj for u = ( a −qc∗
c a∗ )
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Corepresentations of dynamical quantum groups

Each group G has a tensor category of matrix representations:
▸ objects: finite set I and u ∈ GLI (C(G)) s.t. uij(xy) = ∑

k
uik(x)ukj(y)

▸ Hom((J, v), (I ,u)) = {T ∈ MJ×I (C) ∶ Tv = uT}
▸ (I ,u) ⊗ (J, v) = (I × J,w), where w(i,k),(j,l) = uijvkl

Each dynamical qtm. group B ⊗B → A ∆Ð→ A⊗̃A has an analogue:
▸ objects: finite set I and u ∈ GLI (A) such that ∆(uij) = ∑k uik ⊗̃ukj

and uij ∈ Aγi ,γj for some γ ∈ ΓI (the degree of u)

▸ Hom((J, v), (I ,u)) = {T ∈ MJ×I (B) ∶ T̂ v = uŤ , Tij = 0 if γu
i ≠ γv

j },
where T̂ = (γu

i (Tij) ⊗ 1)i,j and Ť = (1⊗Tij)i,j

(Idea: replace vector spaces by dynamical vector spaces:
Γ-graded B-bimodules V s.t. vb = γ(b)v if v ∈ Vγ)
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The free orthogonal dynamical quantum groups AB
o (∇,F ,G)

Proposition (T.) Let ∇ ∈ Γn, F ∈ GLn(B) s.t. Fij = 0 if ∇i ≠ ∇−1
j .

Let also G ∈ GLn(B) s.t. Gij = 0 if ∇i ≠ ∇−1
j and GF ∗ = FG∗.

Then there exists universal ∗-dynamical qtm. group Ao(∇,F ,G)
with a corepresentation u of degree ∇ s.t. F ∈ Hom(u−⊺,u) and
G ∈ Hom(ū,u).

Proof A ∶= ⟨B ⊗B,uij ∶ (∇i(b) ⊗∇j(b′))uij = uij(b ⊗ b′), F̂ u−⊺ = uF̌ ⟩

admits ∆∶A → A⊗̃A, ε∶A → B ⋊ Γ, S ∶A → Aop,co such that

∆(uij) = ∑k uik ⊗̃ukj , ε(uij) = δij∇i , S(uij) = (u−1)i,j .

Example AB
o (∇,F ,G) = O(SUdyn

q (2)) if we take

B =M(C), Γ = Z, ∇ = (1,−1), F = ( 0 −1
f −1
−1 0 ), G = ( 0 −1

q−1 0 )
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Glueing in O(SUq(2)) as a limit case of O(SUdyn
q (2))

Observations Let B =M(C), Γ = Z and T = ( f −1 0
0 1 ) ∈ GL2(B).

▸ O(SUdyn
q (2)) is the universal ∗-dynamical quantum group with

a corepresentation u = ( a −qc∗
c a∗ ) such that T ∈ Hom(u−∗,u)

▸ For λ→ −∞, have f (λ) = q2(λ+1)−q−2

q2(λ+1)−1 → 1 and get O(SUq(2))

▸ The relations involve only ⟨(λ↦ qλ+k−q−λ−k

qλ+l−q−λ−l ) ∶ k , l ∈ Z⟩ ⊆ B

Definition O(SUfull
q (2)) ∶= Ao(∇,F ,G), where

▸ B = ⟨qkX−q−kY
qlX−q−lY ∣k , l ∈ Z⟩ ⊆ C(X ,Y )

▸ Γ = Z acting by X
kÐ→ qkX , Y

kÐ→ q−kY

▸ ∇ = (1,−1) and F ,G are appropriately chosen
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Glueing in O(SUq(2)) as a limit case of O(SUdyn
q (2))

Definition O(SUfull
q (2)) ∶= Ao(∇,F ,G), where

▸ B = ⟨qkX−q−kY
qlX−q−lY ∣k , l ∈ Z⟩ ⊆ C(X ,Y )

▸ Γ = Z acting by X
kÐ→ qkX , Y

kÐ→ q−kY

O(SUfull
q (2)) “contains” O(SUdyn

q (2)) for all q and limit cases:

Base change Given a Γ-equivariant homomorphism B
φ
Ð→ C , get

{ dynamical quantum
groups over Γ⟳B }

φ∗Ð→ { dynamical quantum
groups over Γ⟳C }, A ↦ A ⊗

B⊗B
(C ⊗ C)

Examples 1. φ∗O(SUfull
q (2)) ≅ O(SUq(2)) if φ∶B → C,

⎧⎪⎪⎪⎨⎪⎪⎪⎩

X ↦ 1

Y ↦ 0

2. φ∗O(SUfull
q (2)) ≅ O(SUdyn

q (2)) if φ∶B →M(C),
⎧⎪⎪⎪⎨⎪⎪⎪⎩

X ↦ (λ↦ qλ)

Y ↦ (λ↦ q−λ)

3. (treat q as variable) φ∶B → C(λ), q ↦ 1, qkX−q−kY
ql X−q−l Y

↦ λ−k
λ−l

12

The passage to operator algebras

Aim construct operator-algebraic dynamical quantum groups

universal
C∗-algebra

����

enveloping
C∗-algebra

polynomial
algebra

66

//

))

reduced
C∗-algebra� _

��

generated by a
GNS-representation
for a Haar weight

von Neumann
algebra
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Completions in the form of measured quantum groupoids

Assume A is a dynamical quantum group over Γ⟳ B and
▸ µ∶B → C is positive, Γ-quasi-invariant with bounded GNS-rep.

▸ h∶A → B ⊗B is a cond. expectation and ∆(ker h) ⊆ ker h⊗̃ ker h

▸ ν∶A hÐ→ B ⊗B
µ⊗µÐÐ→ C is faithful and positive

Theorem (T.) 1. ν has a bounded GNS-rep. πν ∶A → L(Hν)

2. φ ∶= (ι⊗ µ) ○ h is left-invariant: (ι⊗ φ)(∆(a)) = φ(a) ⊗ 1
ψ ∶= (µ⊗ ι) ○ h is right-invariant: (ψ ⊗ ι)(∆(a)) = 1⊗ ψ(a)

3. get πν(A)′′
φ̄,ψ̄
ÐÐ→ πµ(B)′′ and πν(A)′′ ∆̄Ð→ πν(A)′′ ∗ πν(A)′′

4. πν(A)′′ is a measured quantum groupoid [Enock, Lesieur]

Proof Use a unitary V ∶Hν ⊗
µ

Hν → Hν ⊗
µ

Hν , x ⊗ y ↦∆(x)(1⊗ y)

Plan Apply this construction to O(SUfull
q (2))


