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What is a quantum groupoid?

» aset G » sets X, G
»amap GxG->G >mapsG)>§Gﬂ>G:;X
» conditions ... » conditions ...
group— — — — — — — — — — — =~ > groupoid
| |
function | 1| group function ||| groupoid
algebra |1|algebra algebras | 1| algebra
| Y
quantum _ _ _ _ _ _ _ _ _ _ _ _ .~ quantum
group dynamical groupoid
H quantum H
roup
» an algebra A s » algebras B, A
A
>amapA—A—>A®A >mapsB:§A—>AgA

» conditions ... » conditions ...
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Examples of groupoids

1. dynamical system ' G X ~ transformation groupoid:

/

Y

g
TN N
X =T ={(x,7,y) :x =y} . o e
X=yy yz'y'z z

2. topological space X = fundamental groupoid:

nl(X) = [[07 1]7X]

3. manifold M = tangent groupoid:

blow-up of A(M) in Mx M /
deformation of TM to M x M
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Examples of quantum groups

The following are compact matrix quantum groups of the form

A= (u,-,j | u= (u,-j),-,j IS unitary), A(UU) =D U ® Uj

1. g-deformation of polynomial functions on SUg4(2):
O(SUq4(2)) = <a, C ’ u= (a _qf ) is unitary)
c a

2. quantum permutation group:

A= (p,-j, 1<i,j< n’each row/column of (p;j);; consists of

pairw. orthog. projections with sum 1 >

3. free orthogonal quantum group for parameter F € GL,(C):
Ao(F) = (uj,1<i,j<n|Ft=uF)



Dynamical quantum groups (Etingof-Varchenko)

Fix a commutative algebra B with an action by a group I’
» A dynamical algebra is a [ x '-graded algebra A with
B®B—Acest.albeb’)=(y(b)®y'(b))aforac A,

» The tensor product of A,C is AC= @ (A, gcﬁyw,,)
saield

» A dynamical quantum group is a dynamical algebra A with
» a comultiplication A: A - A&A such that (A®)A = (L&A)A
» a counit e A — B xT such that (e®1)A =1 = (1®e)A
» an antipode S: A > A ...

Example The crossed product BxT = (B,I :vy-b=~(b)-~):

» BxI'=@B~ and B® B~ B - Bx1[ is the multiplication
g

> A(by) = by&y =y8by, e(by) =by, S(by)=~""b
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X = = 12
A “semi-classical’ example

Start with
» a Lie group G with algebra O(G) (matrix coeff. of f.d. reps)
» a toral subgroup T < G with Lie algebra t

Obtain a dynamical quantum group, where
» B=UtzO(t") and T = {f_d"_veriegg‘st_soc]’fc} C t* acting by shifts

» ACEnd(O(G)) is the algebra generated by
» O(G) acting by multiplication
» B® B = Ut® Ut acting by left or right invariant diff.ops

» comultiplication A and counit €
»on B®B: map b b’ to (b®1)®(1® b’) or bb’

exp

» on O(G): are transposes of G x G5 Gandt— G



The example (’)(SUf,y”(2)) (Koelink-Rosengren)

dvn . . .
O(SU;"(2)) is a deformation of the last example for G = SU(2):
» B =9M(C) (meromorphic functions) I = Z acting by shifts

> O(SUgy"(2)) = universal dynamical algebra with
» generators a,a*, c,c” of degree (1,1), (-1,-1), (1,-1), (-1,1)
» relations involving special functions f,g € B and he B® B:

ac=q(f ®1)ca, ac* =qc*(1®f)a,
c*a*=q(fel)a*c’, ca =qga"(lef)c,
aa* —a*a=hec’, (l®g)aa’-(g®1l)a*a=-qghc’c,

2(A+1) 2(>\+1)_q2)(q2(>\+1)_q—2)

where f()\) =4 9 g()\) -9 (g2 +D_1)2 )

q2(>\+1) -1 >

B ( _ —1)( 2(>\+>\/+2)_1)
h()‘7>‘,) - (qqz(g+1)_f)(q2(>\’+1)_1)

» A(ujj) = Yk ui®uyj for u = (i _C’f*)

a
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Corepresentations of dynamical quantum groups

Each group G has a tensor category of matrix representations:

> objects: finite set / and u e GL;(C(G)) s.t. ujj(xy) = Yuin(x)uki(y)
K
» Hom((J,v),(l,u)) ={T e My (C): Tv=uT}

» (lLbu)® (J,v) = (I xJ,w), where W(i k), (j, ) = Uij Vi

: A
Each dynamical qtm. group B® B - A — A®A has an analogue:

> objects: finite set / and u e GL;(A) such that A(ujj) = ¥y upn®uy;
and uj € Ay, -, for some y € (the degree of v)

> Hom((J,v),(1,u)) ={T e My (B): Tv=uT, T;j=0if v =},
where T = (v¥(Ty) ®1) ; and T = (1e Ty)

i i
(Idea: replace vector spaces by dynamical vector spaces:
-graded B-bimodules V s.t. vb=~(b)v if v eV,)



The free orthogonal dynamical quantum groups A2(V,F,G)

Proposition (T.) Let Vel FeGL,(B) st. Fj=0if v, # V.
Let also G € GL,(B) s.t. G;j=0if V; # Vj_l and GF* = FG*.
Then there exists universal *-dynamical qtm. group A,(V,F,G)
with a corepresentation u of degree V s.t. F € Hom(u™", u) and
G € Hom(a, u).
Proof A:=(B®B,u;:(Vi(b)®V;(b'))uj=uj(b®b),Fu = uF)
admits A: A -> A®A, ¢ A—> Bxl, S:A— A° such that

Aluy) = Trupuyg,  e(uy) =05V, S(uy) = (u)iy.

Example AZ(V,F,G)=0(SU"(2)) if we take
B=M(C), =2, v=(1,-1), F=(Z27) G=(27)

Glueing in O(SU4(2)) as a limit case of O(SUY"(2))

Observations Let B=9(C), =Z and T = (’f(_)1 0) e GLo(B).

> C’)(SUgy"(Z)) is the universal *-dynamical quantum group with

a corepresentation u = (i _gf*) such that T € Hom(u™", u)

2(A+1) _ -2
» For \ — —0Q, have f()\) = qq”\Tfl

— 1 and get O(SUq4(2))

Atk

» The relations involve only (()\ > Z;A%Z:ij) tk,le Z> cB

Definition O(SUM!(2)) := Ao(V, F, G), where

ky .~k
» B= (15T |k, leZ) cC(X, )

» [ =7 acting by x5 gkX, y & qgky
» V=(1,-1) and F, G are appropriately chosen



Glueing in O(SU,(2)) as a limit case of C’)(SUSV”(Z))

Definition O(SUIM(2)) := Ao(V, F, G), where

»B:(% JeC(X,v)

» [ =7 acting by X—> g X, Yi qgky
full “ - on dvn . )
O(SU,"(2)) “contains” O(SU,""(2)) for all g and limit cases:

Base change Given a -equivariant homomorphism B 2 C, get

dynamical quantum ) = dynamical quantum
{ groups over  C B } - { groups over T C , A A ® (C ® C)

B®B
full : X1
Examples 1. ¢.0(SU;"(2)) 2 O(SU,4(2)) if ¢: B - C, L
— — g
2. $.0(SUF"(2)) = O(SUP"(2)) if ¢: B m(@),{x (A=q%)
Y — ()\ — q_)‘)

k
. (treat g as variable) ¢: B - C()\), g~ 1, q/§ Z"\\// N ii_—//(
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The passage to operator algebras

Aim construct operator-algebraic dynamical quantum groups

universal enveloping
/ C*-algebra C*-algebra
polynomial reduced

algebra C*-algebra

generated by a
\ GNS-representation
for a Haar weight

von Neumann
algebra



Completions in the form of measured quantum groupoids

Assume A is a dynamical quantum group over [ C B and
» u: B - C is positive, [-quasi-invariant with bounded GNS-rep.
» h: A— B® B is a cond. expectation and A(ker h) ¢ ker h® ker h
v AL Be B X2 C s faithful and positive
Theorem (T.) 1. v has a bounded GNS-rep. 7,: A - L(H,)
2. ¢:=(L® ) o his left-invariant: (1® ¢)(A(a)) =¢p(a)®1
Y :=(u®1) o his right-invariant: (Y ® 1)(A(a)) =1®(a)
3. get 1 (A)" 2% 1.(B)” and m (A S 1 (A)" 5 7, (A)”
4. 7,(A)" is a measured quantum groupoid [Enock, Lesieur]

Proof Use a unitary V:H, ® H, > H,® H,, x® y —» A(x)(1® y)
7 7

Plan Apply this construction to O(SU';“”(2))



