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Background

X
Goal In a given category, describe all projections 7 \{
Y

Y

Examples

1. In vector spaces, X = Y @ ker p (direct sum),
where ker p is just a vector space

2. In discrete groups, X 2 Y x ker p (semi-direct product),
where ker p is a group with an action of Y by automorphisms

3. In Hopf algebras, X 2 Y ® Z (Radford product/Majid'’s
bosonization), where Z is a braided Hopf algebra in vV

4. In C*-algebraic quantum groups, also X 2 Y ® Z (Roy)

This talk Look at the special case of compact quantum groups;
then Z is a braided compact quantum group
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We fix a reduced compact quantum group (A, Ax) and write

» Ap € A for the dense Hopf *-algebra of matrix elements of
finite-dimensional corepresentations

v

h, for the Haar state on A

v

H, for the associated GNS-space with cyclic vector (4

v

Wa € L(Ha ® Hy) for the multiplicative unitary, given by
aCa®& > An(a)(Ca®§)
(A, A4) for the reduced dual, so that Wa e M(A® A)

v
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Yetter-Drinfeld C*-algebras over (A, A,)

(Nest, Voigt. Equivariant Poincaré duality for quantum group actions. JFA, 2010)

Definition A Yetter-Drinfeld C*-algebra over (A, Ap) is a C*-algebra
B with continuous coactions « of A and X of A such that

(asid)or _ M(BR®A® A)
B— & Jide Ad(Waz)

5\\\7“““~e> ~
(eid)ea = p(B o A A)
Remark These are just continuous coactions of the codouble A® A

Compact case: B, :={beB:a(b)ec B®,gz A} c B is dense and
> a right Ag-comodule algebra by b+ bpg ® byy:= a(b)
> a right Ag-module algebra by b < a:= (id®a)(A(b)) (as Ag € A)
satisfying the Yetter-Drinfeld condition
(b<t a)jo) ® (b< a)p1y = (boy < a(2y) ® S(ac1y)bpijacs)
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The twisted tensor product of Yetter-Drinfeld C*-algebras

(Nest, Voigt. Equivariant Poincaré duality for quantum group actions. JFA, 2010)

Theorem (Nest, Voigt) Yetter-Drinfeld C*-algebras for (A, A4) form
a monoidal category, where for all YD-C*-algebras B and C,

» B C = 04(8)13)\(C)23 in M(B ® C@K(HA))
» the natural embeddings of B and C into Bx C given by

b—bwl:=a(b);3 and crH1&c:=A(c)3
are morphisms, i.e., equivariant with respect to A and to A

Compact case: B,z ® G, € B C is a dense subalgebra, where
(1 C)(b 1) = b[O] (C < b[l])
Further references

» Meyer, Roy, Woronowicz: Quantum-group twisted tensor products of
C*-algebras | and Il (1JM 2014 and arXiv 2015)

» Roy and T.: The maximal quantum-group twisted tensor products of
C*-algebras (submitted)
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Compact braided quantum groups over (A, A,)

(Meyer, Roy, Woronowicz. Quantum group-twisted tensor products of C*-algebras II.
JNCG, to appear.)

Definition A compact braided quantum group is a Yetter-Drinfeld
C*-algebra (B, Ag,ag) with a morphism Ag: B - B® B such that
1. (coassociativity) (Ag®id) o Ag = (idmAg) o Apg
2. (cancellation) [(Br1)Ag(B)]=BxB=[Ap(B)(1xB)]

Non-Example The irrational rotation algebra
B := Ag = C*(unitaries u, v : vu = e>™yy)
is a Yetter-Drinfeld C*-algebra over C*(Z), where
» u has degree 0 and v has degree 1,
» k> u=e?" %y and k > v =v for all keZ.

: . U UK U _
There exists a *-homomorphism Ag:B - B B, since
Vi VRV

(vev)(umu)=ve ™ umvu=euvmuv=e"uxu)(vrv)
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The large compact quantum group (C,A¢)

(Meyer, Roy, Woronowicz. Quantum group-twisted tensor products of C*-algebras II.
JNCG, to appear.)

Let (B,Ap) be a braided compact quantum group. Regard A as a
Yetter-Drinfeld C*-algebra s.t. aa(a) = Aa(a), Ma(a) = W(a®1)W*.

Theorem (Meyer, Roy, Woronowicz) Let C = Ax B with embeddings

AL C 2B There exists a *-homomorphism A¢c: C - C® C s.t.

A—2A LA A B2 _BxB-2*" . BeAxB
Jja l O \LJ.A ®ja JB l ljs Qidc
C——CoC C CeC
Ac Ac

and (C,Ac) is a compact quantum group.

Remark There exist quantum group morphisms A 2, ¢c5 A and every
reduced compact quantum group C with projection to A arises this way

(Roy).
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Examples of compact braided quantum groups

1. B =quantum plane, where A= C(T) and C =simplified E(2)
(Roy. C*-quantum groups with projections. PhD thesis, 2013)

2. B=SUq4(2) for g ¢ R, where A= C(T) and C = Ug4(2)
(Kasprzak, Meyer, Roy, Woronowicz. Braided quantum SU(2)
groups. JNCQ, to appear).)

3. B =quantum Minkowski space, where A= C(C)
(Kasprzak. Rieffel deformation of tensor functors and braided
quantum groups. CMP, 2015.)
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The space of matrix elements

Proposition Every unitary corepresentation of C has the form
Z=XpYi3e M(K(H)® Ax B),

where X is a unitary corepresentation of A, Y ¢ M(K(H) ® B) and

» (id®Ag)(Y) = Y12Y13 in M(K(H) ® Bx B)

» (ideag)(Y) = X13Y12X{5 in M(K(H) ® B® A)
From now on we only consider Z as above with H finite-dimensional.
On C = Ax B, have a well-defined slice map hy®id: C - B.
Lemma The following subspaces of B coincide:

1. the span of matrix elements of Y for Z = Xj, Y13 as above;

2. the span of matrix elements of (Px ® 1)Y, where
Px = (id®ha)(X) is the projection onto the invariant vectors;

3. (hawmid)(Cy), where Gy € C is the dense Hopf x-algebra.
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The space of matrix elements, continued

Proof Step 1: Since (p ¢ C is spanned by all matrix elements
(w®id)(X12Y13) (we L(H). and Z = Xj2 Y13 as above),
the space (ha ®id)(Cp) is spanned by matrix elements of the form
(wW®hpmid)(X12Y13) = (w®id)((Px®1)Y).
Step 2: Let Z':= X“@®Z =: X{3Y,3. Then each
(wen ®id)(Y)
is equal to a matrix element of the form
(wéE@?7 ®id)((Px ®id)Y’). O
Proposition This subspace By ¢ B is a dense *-subalgebra. It satisfies
Ap(By) c Byw By, ap(By) < By® Ay, By< Agc Bo.
In particular, By is a braided Hopf algebra over Ag.
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The Haar state

Definition A Haar state for a braided compact quantum group
(B,Ap) is a state hg on B that

» is invariant with respect to ag and \pg

» is left- and right-invariant with respect to Ag in the sense that

(hg®id)(Ap(b)) = hg(b)1 = (id=hg)(Ag(b))

Proposition Every braided compact quantum group (B, Apg) has a
unique Haar state hg. More precisely, the Haar state h¢ of the
associated large compact quantum group C = A B has the form

hC = hAhB.
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The GNS-space for the Haar state hg

Consider the Haar state hg on B, the associated GNS-space Hg with
cyclic vector (g € Hg, and the GNS-representation B — L(Hpg).

Invariance of hg with respect to ag and \g implies:

Lemma Hg carries corepresentations U of A and V of A s.t.

U(bCg®1) =ap(b)(¢g®1) and V(b(g®1) = Ag(b)(Cs®1).
The triple (Hg, U, V') forms a Yetter-Drinfeld Hilbert space, that is,
VioUqio Wé)’ = W£U13 V1o in M(’C(HB) ® /2\ ® A)
Proposition (Roy) Yetter-Drinfeld Hilbert spaces form a braided
monoidal category. For (HY, U, V1) and (H?, U2, V?), the braiding is
H'e H2 5 H2 @ H! 5 H2 @ HY,
where Z = (72 ® my1 ) (WAY); equivalently, Zyo = V&5 U2 VL UZ,.
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The braided multiplicative unitary

For (Hg, U, V), the associated unitary Z on Hg ® Hg is given by
Z(b(g ® b'(g) = big)Cs ® (b" < b17)¢s
for all b, b" € By, where bg; ® by1) = ag(b), and yields a representation
Ag:BrB > Hg®Hg, bab' —» (bol)Z(leb')Z*.

Theorem The following formula defines a unitary W2 on Hg ® Hpg:
WE (b ® b'(p) = Ap(b) (¢ ® b'(p).
This is a braided multiplicative unitary in the sense of Roy, that is,
» it is a morphism of the Yetter-Drinfeld Hilbert space Hg ® Hp,
» (braided pentagon equation) WEWS = WS ZpsWE Z5, WE

Proof. Use right-invariance of hg and straightforward calculations.
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The dual algebra

Remark Let be By and write Ag(b) = b1y ® b2). Then

WE(b(p ® b'(g) = b(1)(s ® b2)b'¢s.
From W&, we can construct a reduced (B,,Ag,,) and a dual (B, Ap).
Let £ =b'(g, n=b"(g and v=>b"-hg-b":b~ hg(bbb"). Then

(id ®we ) (WPB) bCg = b1yv(b2))¢a.

Proposition The space By = By - hg © B} is an algebra w.r.t.
(v*w)(b) =v(bay)w(b2y)

Proof As b’,b" € By vary, the following maps span the same space:

» b hg(b(1)b")hg(b2)b")

> b hg(b(1)byy))he(b2)bi,) b")

» b hg(bb')hg(b") (beware: Ag(bb’) + b(l)bzl) b(2)b22))
Proposition The slices (id ®w§,n)(Wti) € L(Hp) with £, 7 as above
span a *-algebra that is isomorphic to Bp.
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The structure of the dual algebra

Proposition The dual algebra By is a direct sum of matrix algebras.

Proof. Choose a representative family Z% = X{% Y5 of unitary
irreducible corepresentations of C. Then matrix elements

(w®id)((Pxa®1)Y?) and (w®id)(Y?)
span finite-dimensional subspaces B* and B® of By such that
By = ®,B* and Ag(B*)c B*x B“.
Fix a and let I, = {: ZP is contained in (X*)°®Z“}. Then
B c @4, B
Let B = {¢ e By: B c ker ¢ for 8+ a}. Then By = @, B* and
B . BP =0 unless 8 € 1,.
For each ¢ € By, we get dim¢ - By < 0o and dim By - ¢ - By < o0. H
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Advertisement for algebraic quantum groupoids

Extending Van Daele's theory of multiplier Hopf algebras with integrals, a
theory of multiplier Hopf algebroids with integrals connecting the algebraic
and operator-algebraic approaches to quantum groupoids is developed in

[1] T. and Van Daele. Regular multiplier Hopf algebroids.
arXiv:1307.0769, 39 pages

[2] T. Integration on algebraic quantum groupoids.
[JM 27(2), 72 pages, 2016

[3] T. On duality of algebraic quantum groupoids.
arXiv:1605.06384, 45 pages, submitted

[4] T. Algebraic quantum groupoids on the level of operator algebras.
in preparation

The compact case where the basis is classical and discrete and the quantum
groupoid is proper is studied in

[5] De Commer and T. Partial compact quantum groups.
J. Algebra 438, 41 pages, 2015
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